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ON BOUNDED DATABASE SCHEMES AND BOUNDED HORN-CLAUSE
PROGRAMS*

YEHOSHUA SAGIVY

Abstract. A lossless database scheme with full implicational dependencies is considered. The following
condition is necessary in order that restricted projections of the representative instance could be expressed
in relational algebra (i.e., in first-order logic): The dependencies of the database scheme are equivalent to
a single join dependency and some equality-generating dependencies. An important special case is when
the database scheme has only full tuple-generating dependencies. In this case, restricted projections of the
representative instance can be expressed in relational algebra if and only if the following condition is true:
The dependencies of the database scheme are equivalent to a single join dependency. Testing this condition
is decidable. This result also applies to the class of Horn-clause programs consisting only of typed rules
with one predicate symbol R (and without function symbols). A program consisting of rules of this form
is equivalent to a nonrecursive program if and only if it is equivalent to a project-join mapping. Finally, it
is also shown that a tableau mapping is idempotent if and only if it is a project-join mapping.

Key words. database, dependency, Horn-clause rule, losslessness, query, relational algebra, representa-
tive instance, tableau

AMS(MOS) subject classifications. 68P, 68Q

1. Introduction. The decomposition of a relation produces several new relations
in some normal form and, consequently, certain update and storage anomalies are
removed (cf. [Ma], [U1]). The original relation, however, remains a correct representa-
tion of the various relationships among its attributes, and frequently it is easier to
formulate a query with respect to the original relation rather than the new relations.
More specifically, many queries that can be formulated over the original relation as a
projection and a selection, also require joins and possibly unions when formulated
over the new relations, because all the correct access paths among the new relations
have to be included in the answer. Surprisingly, in some simple cases it is (not just
more difficult but actually) impossible to express projections of the original relation
in relational algebra (i.e., first-order logic) if we insist that the new relations be the
only operands [MUV]. When making statements like the previous one, we have, of
course, to describe the connection between the new relations that are actually stored
in the database and the original relation that does not exist in the database. We adopt
the representative instance model [Ho], [Me], [Sal], [Sa3], [Ya] that has been widely
accepted as the correct way of producing the original relation from the new ones. The
representative instance contains all the data that is obtained by losslessly joining (cf.
[U1]) some of the new relations; and it has null values in order to account for partial
information, i.e., tuples that cannot be extended, using lossless joins, to complete tuples
over all the attributes, because of missing information.

If we choose to allow users to formulate queries over the representative instance,
we are faced with the problem of optimizing these queries. Queries usually involve
only a few attributes of the original relation and, therefore, it is desirable to have
algebraic (i.e., relational algebra) expressions, with the new relations as their operands,
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that compute restricted projections' of the representative instance. Hopefully, these
expressions could be optimized by known techniques, and evaluated in considerably
less time than required to compute the whole representative instance.

Maier et al. [MUV] showed (using the Compactness Theorem) that if there is a
first-order formula that expresses the restricted projection onto some X, then there is
also a union of tableaux that expresses it. Since the result of [MUV] uses the Compact-
ness Theorem, it is valid in the unrestricted case, i.e., when databases are either finite
or infinite. In this paper we consider lossless database schemes with full implicational
dependencies [BV2], [Fa], [YP]. We give a necessary condition for the existence of a
union of tableaux expressing the restricted projection onto the set of all the attributes.
The condition states that the dependencies of the database scheme must be equivalent
to a single join dependency and some equality-generating dependencies, and testing
whether it is satisfied is decidable. Moreover, if the dependencies of the database
scheme are only full tuple-generating dependencies (and no equality-generating depen-
dencies), then equivalence to a single join dependency is both necessary and sufficient
for the existence of unions of tableaux that compute restricted projections of the
representative onto any set of attributes. Qur results hold for finite databases. For
unrestricted databases, “a union of tableaux” can be replaced with ‘“‘an algebraic
expression” (i.e., “a first-order formula’’) in the above results, by combining them with
those of [MUV].

Our results also apply to the following fragment of Horn-clause programs. The
only rules allowed are typed rules with only one predicate symbol R and neither
function symbols nor equality (“typed” means that no variable appears in more than
one column of R, but of course a variable may appear in several occurrences of R as
long as it is always in the same column). A program consisting of a set of rules of this
form is equivalent to a nonrecursive program if and only if it is equivalent to a
project-join mapping. Testing this condition is decidable. Cosmadakis and Kanellakis
[CK] have recently investigated this class of Horn-clause programs.

2. Preliminaries.

2.1. Schemes, states and instances. Relations are tables of information in which
the rows are records or tuples of data, and the columns are labeled by attributes. A
relation scheme is a set of attributes, and it describes the fixed structure of a table. A
relation r over a relation scheme R is a finite set of tuples, where each tuple is
conveniently regarded as a mapping from the attributes of R to their domains. The
value of a tuple w for an attribute A is denoted u(A). We assume that each attribute
has an infinite domain of constants (e.g., integers).

A database scheme consists of relation schemes and dependencies, and is denoted
by ([R,, - -, R,], D), where each R; is a relation scheme, and D is a set of dependencies
that will be defined later. The set of all the attributes, i.e., U }_; R;, is denoted by U.
A state of the database scheme ([R,, - - -, R,], D) is a collection of relations ry, - - - , r,,
over R, -+, R,, respectively.

The projection of a relation r onto a set of attributes X, written rx (r), is obtained
by removing columns not in X and eliminating duplicate tuples. A (universal) instance
I is a relation over U. An instance I generates the state mg (I),- - -, wg, (I), which is
denoted by state(I).

! A restricted projection is a projection followed by elimination of all tuples that have nulls in some
columns. Essentially, restricted projections correspond to the most basic queries that can be posed over the
representative instance.
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2.2. Tableaux and tableau mappings. Tableaux are formulas that express queries
over a given database scheme ([R,, - - -, R, ], D). A tableau [ASU1], [ASU2] is a table,
similar to a relation, with columns that correspond to the attributes of U and rows
that are filled with variables. We denote a tableau either by a single letter (e.g., T) or
by explicitly specifying its rows, i.e., (w;, - - -, w,)/s, where w,, - - -, w, are the rows
of the tableau and s is a special row called the summary. The summary s may have
blanks in some columns; the rows w; have variables in all the columns. Each variable
appearing in the summary must also appear in some w;, and no variable appears in
more than one column. The variables appearing in the summary are called distinguished
variables, and other variables are called nondistinguished variables. Each row has a tag,
which is one of the relation schemes R;. A row with a tag R; has a unique nondistin-
guished variable (i.e., a variable that appears nowhere else) in each column whose
attribute is not in R;. The phrase “the rows of the tableau (w,, - - -, w,)/s” refers only
to the w;, i.e., the summary is excluded.

Example 2.1. In examples we usually represent a tableau as a table in which the
summary appears at the top and is underlined. Distinguished variables are represented
by a’s with subscripts, and nondistinguished variables are represented by b’s with
subscripts (and sometimes also by other letters). In this example we explicitly show
the attribute of each column, but we will not do so in future examples. Suppose that
the set’ of all the attributes is ABCD. The following is a tableau whose rows are tagged
with the relation schemes AB, ABC, ABD.

A B C D
a, a, as a,
AB a, a, b, b,
ABC bs a, a, by
ABD bs a, b, a,

We say that h is a symbol mapping of a tableau T if h maps each variable of T
to a constant. The result of applying h to u, where u is either a row or the summary
of T, is a tuple defined naturally as follows. The tuple h(u) maps attribute A to h(u(A)),
where u(A) is the variable appearing in column A of w. If u has a tag R;, only the
projection of h(u) onto R; is of interest, and by a slight abuse of notation, we will
denote that projection by h(u). The symbol mapping h is a valuation of T into a
database r,, - - -, r, if h maps every row of T with tag R; to a tuple of r;.

A tableau T defines a mapping from states (of the given database scheme) to
relations. Tableau T maps a state r,,---,r, to the following relation, denoted
T(ry, -5 m),

{h(s)|s is the summary of T and h is a valuation of Tinto ry,* - -, r,}.

Note that T(r,, - - -, r,) is a relation over the set of attributes in which the summary
of T has nonblank symbols.

We also consider tableaux that map instances to relations. A tableau defines a
mapping of instances if all its rows have the tag U, and traditionally, we refer to a

2We use the common notation in which the letters A, B, C, - - - represent single attributes, the let-
ters - - -, X, Y, Z represent sets of attributes, and a set or union of sets is written as a string of attributes.
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tableau of this kind as an untagged tableau (and in examples we write it without tags).
Unless explicitly said otherwise, tagged and untagged tableaux considered in this paper
are full in the sense that their summaries have variables in all the columns, i.e., the
value of a tableau is always an instance. It is easy to see that a full untagged tableau
mapping T is monotonic, i.e., for all instances I, I < T(I).

A union of tableaux [SY] is an expression of the form U [~ T;, where T, - - -, T,,
are tableaux. If the T; are tagged, the value of UL, T;, given a state r,,- -, 1y, is
Ui, Ti(ry," -, r,). If the T; are untagged, the value for an instance I is U "2, T;(I).

The mappings defined by tableaux and union of tableaux can always be expressed in
relational algebra [Co].

2.3. Dependencies. Untagged tableaux also define full implicational dependencies®
[BV2], [Fa], [YP]. These dependencies are either tuple-generating dependencies (tgds)
or equality-generating dependencies (egds). A tgd d is written as an untagged tableau
(wy,+++,w,)/s, and it is satisfied by an instance I if for all valuations h of
(wy, -+, w,)/s into I, the tuple h(s) is in I An egd is also written as an untagged
tableau, but its summary is of the form a =b, where a and b are variables (both a
and b must appear in the same column of the tableau). An egd (w,, - -, w,)/a=bis
satisfied by an instance I if for all valuations h of (w,, -+, w,)/a=>b into I, the
equality h(a)=h(b) holds. As a technicality, we consider one of a and b, say a, as
the only distinguished variable of the egd.

A tgd in which no nondistinguished variable occurs more than once is called a
Jjoin dependency. A database scheme ([R,, - - -, R,], D) has an associated join depen-
dency, denoted by XR,, such that for each R;, the join dependency XR; has a row with
distinguished variables in the columns of R; and distinct nondistinguished variables
in the rest of the columns. When a tableau for a join dependency is viewed as an
untagged tableau mapping, it is usually called a project-join mapping (because this
tableau mapping is the same as joining some projections of an instance).

2.4. Tableaux as mappings, dependencies and instances. Given an untagged tableau
T, we call it either a mapping or a tgd, depending on how we view it. We use the term
“tableau” as a generic name for either mappings or tgds (but not egds). In some proofs
in this paper we alternate between viewing a given tableau T as a mapping and as a
tgd. Similarly, a tagged tableau may also be considered as an untagged mapping or a
tgd simply by ignoring the tags.

A tableau (or more precisely, the rows of a tableau) may be converted into an
instance by mapping each variable to a distinct constant. Since the one-to-one mapping
that converts a tableau to an instance is only a formality, we shall refer to the tableau
itself as an instance instead of using a mapping. When viewing a tableau as an instance,
we always consider only the rows without the summary.

2.5. The chase. We permit the use of nulls in instances. A null represents an
unknown value and is denoted by ;. Two nulls are equal only if they have the same
subscript, and a null is never equal to a constant. If we assume that an instance I
should satisfy a set of dependencies D, then we may infer that some nulls can be
replaced with constants or with other nulls, and tuples currently not in I must belong
to it. The process of making these inferences is called the chase [ABU], [MMS], and
it is defined in terms of rules that are associated with the dependencies of D.

3 We do not consider embedded dependencies in this paper.
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The rule for a tgd (w,, - -+, w,)/s states that if there is a valuation h of the w;
into I, such that h(s) is not a tuple of I, then h(s) is added to I The rule for an egd
(wy, -, w,)/a=>b states that if there is a valuation h of the w; into I, such that
h(a)# h(b) and at least one of h(a) and h(b) is a null, then h(a) and h(b) are equated
as follows. We arbitrarily choose a null among h(a) and h(b), say h(b), and replace
all occurrences of h(b) in I with h(a). The chase of I with respect to D, written
CHASER(I), is obtained by repeatedly applying the rules for the dependencies in D
to the instance I until no rule can be applied anymore. The chase process terminates
(since all dependencies are full), and CHASEp(I) is uniquely defined up to renaming
of nulls, provided that it satisfies (the dependencies of) D [MMS]. Clearly, CHASE(I)
satisfies all the tgds of D, but not necessarily all the egds of D.

Let ([R,, - - -, R,], D) be a database scheme. Given a state r,, - - -, r,, We create
a special instance, called the representative instance [Ho], [Me], [Sal], [Sa3], [Ya], in
the following way. First, we augment each r; with columns for the attributes in R — R;,
and fill each entry of these columns with a unique null (i.e., it appears nowhere else).
The union of all the augmented relations is an instance denoted by A(r,,- -, r,).
The representative instance of r,,---,r,, denoted RI(r,---,r,), is
CHASEL(A(ry, - -+, 1n)).

A consistent state of the database scheme ([R,, -+, R,], D) isastate r,---,r,
such that RI(r,, - - -, r,) satisfies D. A consistent instance of D is an instance I without
nulls, such that CHASE(I) satisfies D. The set of all consistent instances of D is
denoted CON(D). Clearly, an instance that satisfies D is also a consistent instance,
but the converse is not necessarily true. Another important observation is the fact that
if T is a consistent instance, then state(I) is a consistent state.

The chase can also be applied to the rows of a tableau T. When equating variables,
distinguished variables are treated as constants and nondistinguished variables as nulls.
Since each column of T has at most one distinguished variable, the set of rows of
CHASE(T) always satisfies D. Note that CHASE(T) is a tableau with the same
summary as T and with the rows that were generated from those of T by the chase
(CHASE(T) includes the original rows of T but possibly with some nondistinguished
variables replaced by other variables).

2.6. Implications of dependencies and lossless database schemes. A set of dependen-
cies D implies a dependency d, written DFd, if whenever an instance I satisfies D,
then I also satisfies d. We can use the chase to test implications of dependencies [BV2],
[MMS]. The set D implies d if and only if (the set of rows of) CHASE(d) satisfies
d, or equivalently,

(1) CHASE(d) contains a row which is equal to s, when d is a tgd with a
summary s, and

(2) a and b are equated during the chase of d, when d is an egd with a summary
a=hb.

A set of dependencies D, implies another set D,, written D;=D,, if D, implies
every dependency of D,. D, and D, are equivalent, written D,==D,, if D,=D, and
D,=D;.

The following is an important observation. Two sets of dependencies D, and D,
are equivalent if and only if for all instances I, CHASE, (I) = CHASEp,(I). We will
further discuss this observation in § 2.8.

A database scheme ([R,,- - -, R,], D) is lossless if D=XR,;. A database scheme
has to be lossless in order to reconstruct tuples over U whose projections are stored
in the database. Recall that the representative instance of a database state represents
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all the data that either exist in the database state or can be inferred by correctly
connecting tuples from various relations. If the database scheme is not lossless, then
the representative instance can never have tuples with constants in all the columns of
U, i.e., tuples without nulls [MUV]. In this paper we consider only lossless database
schemes.

2.7. Containment of tableau expressions. We define tableau containment only for
untagged tableau mappings. It is similarly defined for tagged tableaux [ASU1], but
we do not use it in this paper. A tableau T, contains a tableau T, over a set of instances
C, written T, = T, if for all instances I € C, T,(I) < T,(I). Tableaux T, and T, are
equivalent over C, written T, =, T, if for all instances I € C, T,(I)=T,(I). If C is
omitted, then C is assumed to be the set of all instances. Containment and equivalence
are similarly defined for unions of tableaux.

A homomorphism h of T, into T, is a mapping of the variables of T, into the
variables of T, that preserves summary and rows, that is

(1) if w is a row of T,, then h(w) is a row of T,, and

(2) for each column A, the distinguished variable of T, in A is mapped to the

distinguished variable of T, in A.
If the rows of T, are viewed as an instance, then a homomorphism is a valuation of
T, into the rows of T, with the additional restriction that distinguished variables are
mapped to distinguished variables. The existence of a homomorphism from T; into
T, is a sufficient condition for T, = T;, and it is also a necessary condition if the
rows of T, form an instance of C [ASU1]. The mapping of the rows of T; into the
rows of T, induced by a homomorphism 4 is called a containment mapping. Essentially,
a containment mapping ¢ : T; > T, satisfies the following two conditions:

(1) If rows w; and w, are equal in some column A, then so are (w,) and ¢ (w,),
and

(2) If row w, has a distinguished variable in some column A, then so does (w,).

If there is a containment mapping from a tableau T into itself whose image does
not include all the rows of T, then rows not in the image of the mapping can be
eliminated and the result is a tableau equivalent to T (over all instances) [ASU2],
[CM]. A tableau T is minimal if no row can be eliminated by some containment
mapping. Efficient algorithms for minimizing tableaux are given in [ASU2], [Sa2].

A union of tableaux U /., T; is contained in another union of tableaux U ., V;
if and only if each tableau T; is contained in some V; [SY].

2.8. Bounded tgds and Horn-clause rules. The chase can be viewed as an iterative
process. For some sets of dependencies this iterative process is bounded, i.e., a fixed
number of iterations is sufficient regardless of the input. To simplify the formal
definitions, we assume that D has only tgds; the definition of boundedness when there
are both tgds and egds can be found in [MUV]. So, suppose that D is a set of tgds
and I is an instance, and consider the computation of CHASE,(I). The first iteration
of the chase consists of repeatedly applying the dependencies of D to the original
tuples of I, but not to the newly added tuples. Generally, in each iteration the
dependencies are applied repeatedly to the rows generated in all previous iterations.
Note that the following is true for any set of untagged tableaux {T;, - - -, T,,} and any
instance I (recall that U [Z, T;(I) is the result of applying the mapping U /L, T; to I):
The instance UL, T;(I) is equal to the result of the first iteration of chasing I with
the tgds T, -+, T,,.

The chase process with respect to a set of dependencies D is bounded if there is
a fixed integer k, such that for all instances I, the computation of CHASE(I) requires
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k or fewer iterations. We will say that D is a bounded set of dependencies if the chase
with respect to D is bounded.

The problem of determining boundedness is an important one, since the chase
can be executed more efficiently when it is bounded. In fact, the chase can be expressed
in relational algebra when it is bounded, but not in general [MUV]. We will elaborate
on this point in § 4.

The boundedness problem also occurs in deductive databases (cf. [GM]).
Deductive databases use Horn-clause rules in order to express queries, and tgds are
essentially Horn-clause rules. A tgd (wy, -+ -, w,)/s is just the following Horn-clause
formula.

VX(R(wi)A---AR(w,) - R(s)).

Here R is relation scheme* consisting of all the attributes, i.e., R= U, and X is a list
of all the variables in the tgd. In the notation of deductive databases (or logic
programming), the above formula is written as the following rule.

R(s):_R(Wl)a Y R(wn)'

In general, Horn-clause rules may have many different predicates and need not be
typed (they may also have function symbols). We will consider, however, only rules
that correspond to tgds.

Example 2.2. Consider the following untagged tableau:

a, a as ay
a, a, b, b,
e a, a, b,
e a, b4 a,

The tgd expressed by this tableau can also be written as the following Horn-clause rule.
R(ay, a3, a3, as):- R(ay, ay, by, by), R(e, a,, as, bs), R(e, az, by, a,).

A set P of Horn-clause rules is viewed as a recursive program whose value for
an instance I is just CHASEp(I), where the rules of P are considered as tgds when
the chase is applied. Thus, viewing tableaux as tgds is essentially the same as viewing
them as Horn-clause rules, whereas viewing tableaux as tgds is different from viewing
them as mappings.

In this paper we will characterize when a set of tgds (and hence the corresponding
set of Horn-clause rules), is bounded. This result is important not only for relational
databases, but also in the context of developing efficient methods for evaluating
Horn-clause rules. When a set of Horn-clause rules is bounded, it can be replaced
with a relational expression and, thus, the task of optimizing the evaluation of the
rules becomes considerably easier. Characterizations of boundedness for other frag-
ments of Horn-clause rules have recently been described in [Io], [Na].

4 Technically a relation scheme is a set of attributes, but we use it also as a relation name, or in logic
terminology, as a predicate name.
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In summary, a set S of untagged tableaux can be viewed either as

(1) a set of Horn-clause rules,

(2) a set of tgds, or

(3) a mapping defined by the union of its tableaux.
Let S, and S, be two sets of untagged tableaux. The following are two important
observations regarding the equivalence of S, and S,. First, the two sets are equivalent
as sets of Horn-clause rules (i.e., they produce the same result for all instances) if and
only if they are equivalent as sets of tgds. Second, if the two sets are equivalent as
unions of tableaux, then they are also equivalent as sets of tgds (or Horn-clause rules),
but the converse is not necessarily true. Equivalences among Horn-clause rules in more
general cases are discussed in [Sa5].

2.9. Composition of untagged tableaux. Let T and V be untagged tableaux corre-
sponding to either mappings or tgds. We will shortly describe how to construct a
tableau Vo T, called the composition of T and V, that has the following properties. If
T and V are considered as mappings, then for all instances I, Vo T(I)= V(T(I)). If
T and V are considered as dependencies, then Vo T is equivalent to {T, V}, i.e.,
Vo TEHT, V.

First, we define the result of substituting a row w for the summary s of a tableau
T, written T/w, as the tableau obtained in the following way. For each column A, we
replace all occurrences of the distinguished variable s(A) with w(A). Note that w
becomes the summary of T/w. Next, we will describe how to construct Vo T. Let
wy, -+, w, be the rows of V. We create n copies of T, denoted T,,---, T,, and in
each copy we use variables that do not appear in any other copy. The tableau Vo T
has the summary of V and all the rows of the tableaux T,/w,, -, T,/ w,. It is easy
to prove that Vo T has the above properties [BV1], [FMUY].

We will now consider the composition of a tableau T with itself, denoted T°. At
first, note that this composition can be viewed as taking a Horn-clause rule and replacing
each predicate in the right-hand side with its definition. Next, we will show explicitly
how T? is constructed and develop a notation for its rows that will be used in later

proofs. Let Ty, - - -, T, be the copies of T as described above, and suppose that in all
of them the rows wy,- - -, w, of T appear in the same ord_er. We denote the rows of
T./w; as wi, - - -, wh. Tableau T? consists of all the rows w;(1=1i,j=n) and it has the

same summary as T. Note that row w; has in column A either

(1) the same variable as row w; (of T) if row w; has a distinguished variable in
column A, or

(2) a nondistinguished variable that appears only in wi, - - -, w, if row w; has a
nondistinguished variable in column A.
Thus, the variables of T? are those of T and T,.

Example 2.3. Let T be the following tableau, which was aiso considered in
Example 2.2.

a, a, a, a,
a, a, b, b,
e a, a, by
e a, b, a,

The rows of T are denoted, from top to bottom, w,, w, and w;. Note that e is the
only repeated (i.e., appearing in more than one row) nondistinguished variable of T.
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In order to construct T, we first create three copies of T with disjoint sets of variables.

1 1 1 2 2 2 2
aj aj a; a, ai a; a3 a;
1 1 1 1 2 2 2 2
a; a; by b, aj aj by b3
_ 1 1 1 1 _ 2 2 2 2
T,= € a as b3 s T,= € a; asz b3 >

e! a} b} a} e? a3 b2 aj

3 3 3 3

a; a3 a3 a;

3 3 3 3

ai a;s by b3

3
T;= el a; a3 b3
e’ I b3 a}

In each T; we substitute w; for the summary to obtain T;/w;. The resulting tableaux
are as follows.

a, a, b, b, e a, a, by
a, a, b} ! e a, b? b3
_ 1 1 _ 2 2
T,/ w, = e a, b, b; »  Tfwy= 4 a as b3 >
1 1 2 2
e a, by b, e a, b; by
e a, b4 a,
e a, b3 b3
T5/wy= e a, b, b3
e’ a, b3 a,

T? has the nine rows of T,/w;, T,/w, and Ti/w,; the summary is (a,, a,, as, a,).
However, T> can be minimized [ASU2], [CM], and the result is

a, a, a, a,
a, a bj b;
e’ a, a, b2
e a, b3 a,

Note that T does not have repeated nondistinguished variables, namely, it is a
project-join mapping (i.e., a join dependency). It is easy to show that if we compose
T? with itself, the result (after it is minimized) is the same as T (up to renaming of
variables).
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As another example, let V be the tableau

a, a,
a; b,
b, b,
b, as

The following three tableaux are obtained after substituting each row of V for the
summary of some copy of V:

a; b, b, b, b, a
a; b b, b% b, b?
b; b b3 b b3 b
b; by b% b, bg a,

V? has the nine rows of the above three tableaux, and its summary is (a,, @,). No row
of V? can be removed by minimization. Essentially, if we continue to compose V with
itself, we get a growing chain of the form

((ay, by), (by, by), (by, bs), - - -, (b, b,_y), (by, @5))/(ay, a5).

Note that each nondistinguished variable appears exactly twice. No two tableaux in
the sequence V, V>, V? - - - are equivalent as mappings, but they are all equivalent as
tgds. As noted earlier, the composition of a tableau with itself always produces an
equivalent tgd.

Recall that a tableau mapping is monotonic and, therefore, T < T (as the above
example shows, T and T? are not necessarily equivalent). Next, we will define two
specific containment mappings from T? to T that will be used later. The first, denoted
6, is defined for i, j by 6( w})_= w;. The second, denoted 6, is defined by 8(w}) = w;.

ProPosITION 2.1. Both 0 and 0 are containment mappings.

Proof. The proof follows from observations (1) and (2) that were stated prior to
Example 2.3. Suppose that w;} has a distinguished variable in column A, then so do
w; and w;. Therefore, both 6 and @ map distinguished variables to distinguished
variables. Now suppose that w} and wy' have the same variable b in column A. We
claim that 6 and 6 map w} and wy’ to rows that have the same variable in column A.

Case 1. b appears in T. In this case, both w; and w,, must have b in column A,
and both w; and w, must have a distinguished variable in column A. Thus, the claim
is true.

CAsE 2. b does not appear in T. In this case, by observation (2), i=m, and w,
and w, have the same variable in column A. Thus, § maps w} and wy to the same
row, and # maps them to rows that have the same variable in column A. Hence, the
claim is true. 0O

3. Idempotent tableaux.

3.1. Idempotency over all instances. Let T be an untagged tableau mapping. T is
idempotent if T= T>. In this section we will characterize idempotent tableaux, i.e., we
will show that a tableau is idempotent if and only if it is a project-join mapping (i.e.,
a join dependency). Later we will use this result to show that a set D of tgds is bounded
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if and only if it is equivalent to a join dependency. Note that a join dependency is
not only bounded, but is also idempotent (i.e., its bound is 1).

THEOREM 3.1. Let T be a minimal tableau. There is a homomorphism from T into
T? if and only if T is a project-join mapping (i.e., a join dependency).

Proof. Let T be a minimal tableau which is not a project-join mapping. We will
show that there is no homomorphism from T into T>. Suppose that the claim is false
and, so, let ¢ be a containment mapping from the rows of T to the rows of T2 Since
T is not a project-join mapping, it has (by definition) a repeated nondistinguished
variable b, i.e., b appears in more than one row. Since ¢ is a containment mapping
from T into T2, we can compose either 8 or @ with ¢ in order to get a containment
mapping from T to itself. The composed mappings are denoted 6o ¢ and 8o . We
will consider three cases depending upon the type of the variable to which ¢ maps b,
and contradict the minimality of T in each case.

Case 1. ¢ maps b to a distinguished variable. Thus, 6o ¢ also maps b to a
distinguished variable. If we compose 6 ¢ with itself n times (where n is the number
of rows of T), we will get a containment mapping from T to itself whose image does
not include any row having b (since a distinguished variable cannot be mapped to b),
and that contradicts the minimality of T.

CaAsE 2. ¢ maps b to a nondistinguished variable that does not appear in T. In
this case, the containment mapping 0 o ¢ maps all the rows that have b to a single
row of T, in contradiction to the minimality of T.

CasE 3. ¢ maps b to a nondistinguished variable of T. Suppose that b appears
in column A of some row w, of T, and ¢(w,) = wj' Since w; has a variable of T in
column A, it follows that w; has a distinguished variable in column A. Therefore, 6 © ¢
maps b to a distinguished variable and, consequently, the minimality of T is contra-
dicted as in Case 1.

Since the minimality of T is contradicted in all these cases, it follows that there
is no containment mapping from T to T? if T has a repeated nondistinguished variable.
Conversely, if T has no repeated nondistinguished variables (i.e., it is a project-join
mapping), then T= T? [BMSU], and therefore there is a homomorphism from T into
T? [ASU1], [CM]. O

It follows immediately from Theorem 3.1 that a minimal tableau T is idempotent
if and only if it is a project-join mapping. In fact, it is easy to extend this result to
idempotency over any set of instances C provided that the rows of T” form an instance
of C. This is shown in the next corollary.

CoROLLARY 3.1. Let T be a minimal untagged tableau.

(1) T=T? if and only if T is a project-join mapping (i.e., a join dependency).

(2) Let C be a set of instances, and suppose that the rows of T> form an instance
of C. Then T =T if and only if T is a project-join mapping.

Proof. At first, note that (1) is a special case of (2) (simply choose C to be the
set of all instances). Thus, it remains to prove (2). If T is a project-join mapping, then
there is a homomorphism from T into T? (by Theorem 3.1) and hence T =, T (for
any C). If T =, T? and the rows of T? form an instance of C, then we can show as
in [ASU1] that there is a homomorphism from T into 72, and hence by Theorem 3.1,
T is a project-join mapping. 0O

3.2. Idempotency over consistent instances. When a database scheme has egds as
well as tgds, the only instances of interest are the consistent ones. Consequently, we
would like to characterize the tableaux that are idempotent over CON (D), where D
is a set of tgds and egds. It may seem at first that Corollary 3.1 characterizes idempotency
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over any set of instances C. However, the characterization of Corollary 3.1 applies to
a tableau V only when the rows of V? form an instance of C. This does not present
a problem when D has only tgds, since CON(D) includes all instances when there
are no egds. However, when there are egds, the rows of V> do not necessarily form a
consistent instance’ of D. In order to overcome this difficulty, we will introduce a
tableau V (to be defined shortly), such that

(1) V=conm V, and

(2) the rows of V? form a consistent instance of D.

In fact, we need an additional assumption that states that V is a lossless tableau, i.e.,
DE V. This assumption is a reasonable one, since only lossless tableaux correspond
to semantically correct queries (we will further discuss this point in § 4). The above
properties of V and V imply the following. By (2), the characterization of Corollary
3.1 applies to V. Moreover, as we shall prove shortly, V is idempotent over CON (D)
if and only if it is equivalent over CON(D) to V, which must also be idempotent.
Therefore, V is idempotent over CON (D) if and only if V is equivalent over CON (D)
to a project-join mapping. Before we formally prove all these facts in the next theorem,
we will define V.

Tableau V is the equality chase of V with respect to D, written ECHASEL(V).
Tableau ECHASE;(V) is obtained from V by equating variables of V whenever they
are equated in CHASE (V). In other words, ECHASE (V) is the result of computing
CHASE(V) and then deleting the rows that were added during the chase. At first,
we will show that V and ECHASE(V) are equivalent over CON (D).

ProrosiTiON 3.1. The set of rows of ECHASE;(V) is a consistent instance of D,
and ECHASED( V) = CON(D) V.

Proof. The set of rows of ECHASE(V) is a consistent instance of D, since (by
definition) no variables are equated when it is chased with D.

We will now prove the equivalence of V and ECHASEL(V) over CON(D). At
first, we will show that if I is a consistent instance of D, then every tuple of V(I) is
also in ECHASER(V)(I). So, suppose that h is a valuation of V into I, and let w and
u be rows of V. If the variables in column A of these rows become equal in
ECHASE(V), then h(w)and h(u) must be equal on A, because I is a consistent
instance of D (see [ASU1], [MMS] for a more detailed proof of this fact). Therefore,
h is also a valuation of ECHASEL(V) into I and, so, every tuple in V(I) is also in
ECHASE,(V)(I). Thus, we have shown that for all Te CON(D), V(I)c
ECHASE(V)(I). Containment in the other direction follows from the fact that there
is a homomorphism of V into ECHASE(V), since equalities among rows of V are
preserved in ECHASE(V). Thus, ECHASEL(V) =coniy V. 0O

The next theorem shows that a lossless tableau V is idempotent over CON(D)
if and only if ECHASER(V) is idempotent over CON (D). It is also shown that the
characterization of Corollary 3.1 applies to ECHASEL(V). Therefore, by the
equivalence of V and ECHASE,(V) over CON(D), tableau V is idempotent over
CON (D) if and only if it is equivalent to a project-join mapping over CON (D).

THEOREM 3.2. Let D be a set of egds and tgds, and V be an untagged tableau such
that D=V. We denote ECHASE,(V) by V. The following are equivalent:

(1) ‘_/ = CcoN(D) ‘_/2-

2 Vv = con(D) V2.

(3) When V is minimized, the result is a project-join mapping.

5 Note that the rows of a tableau T form a consistent instance of D if no variables are equated during
CHASE(T).
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Proof. Suppose that V is minimal. At first, we will show that V =conpy V7 if
and only if V =con(p) V°. Let I € CON(D). By Proposition 3.1,

(A) V()= V().

Since DEV, it follows (by [MMS]) that CHASE,(V(I)) = CHASE(I) and, therefore,
V(I) is also a consistent instance of D (since no constants are equated during the
chase of I). Thus, Proposition 3.1 implies

(B) V(1) = VX(I).

By (A) and (B), V =con(py V7 if and only if V =conp) V2

Next, we will show that V>e CON(D) (i.e., the rows of V? form a consistent
instance of D). By Corollary 3.1, that will prove that (2) and (3) are equivalent. Let
(wy, -+, w,) be the rows of V, and (w]) be the rows® of V. Clearly, Ve CON(D).
Suppose that V>¢ CON(D), that is, when we compute CHASE,(V?), two variables
of V? say a and b, are equated. Thus, D=(w;)/a = b. We will show that (the rows of)
CHASER(V) violates (w;)/a=>b, which contradicts the fact that DE=(w;)/a=>b
(because CHASEp( V) satisfies D) and, hence, completes the proof.

Cask 1. Both a and b are variables of V? that appear also in V. Consider 8 as a
valuation of V?into V. Since V= ECHASE(V), no variables are equated during the
chase of V, and so 0 is also a valuation of V? into CHASE(V) that maps a and b
to distinct variables of CHASE (V) (since in this case each one of a and b is mapped
to itself). Therefore, 0 is a valuation showing that CHASE( V) violates (w})/a = b.

CASE 2. At most one of a and b appears also in V. If there is an i, such that a
and b appear in rows w; and wj, respectively, then § maps a and b to distinct variables.
If there is no i satisfying the above condition, then there are two subcases to be
considered.

SuBcaske 1. Exactly one of a and b, say a, appears also in V. In this case, § maps
a to a distinguished variable and b to a nondistinguished variable.

SuBcASE 2. Neither a nor b is in V. By the assumption leading to the two subcases,
there are wj and wy' that contain a and b, respectively, and i # m. We define a valuation
h by mapping all the rows wg (p#i and 1=q=n) using 6, and mapping the rows
wi, -+, W, to the row of CHASE(V) consisting of all the distinguished variables
(since DEV, this row exists). Since h maps a and b to a distinguished variable and
a nondistinguished variable, respectively, the desired violation is shown. It remains to
be proved that h is indeed a valuation. Suppose that rows w’ (p # i) and wj have the
same variable v in some column A. Since v appears in both w’? and wj and p # 1, it
follows that w, has a distinguished variable in column A. Thus, both w} (p # i) and
w}. are mapped to rows having the same variable in column A. Clearly, h preserves
equalities among any pair of rows w/ and w}’ whenever both p and m are either equal
or not equal to i, since @ is a containment mapping and rows wj, - - -, w,, are mapped
to a single row. Hence, we have shown that h is indeed a valuation. 0O

4. Computing restricted projections of representative instances.

4.1. Bounded database schemes. There are two modes of retrieving information
from a database. Either the information is found in a single relation, or it has to be
obtained by joining tuples of various relations. The first mode is conceptually easy,
whereas the second requires either the user or the system to determine which joins are
correct. Correctness of joins is based on the semantics of the database scheme, which

¢ We write (w!) instead of (w1, -+, w}).
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is described by the dependencies. Since dependencies are formal statements in first-
order logic, they can be used to infer formally all the tuples that are obtained by correct
joins. In fact, this is exactly what happens during the chase that generates the representa-
tive instance RI(r,," - -, r,). The chase starts with A(r,, - - -, r,,), which consists of all
the tuples of r,, - - -, r, (after they have been augmented with nulls), and generates
new tuples from existing ones (either by adding tuples or equating symbols). The
generation of new tuples amounts to correctly (or losslessly) joining existing tuples
according to the dependencies of the database scheme. Therefore, the representative
instance RI(r,,- - -, r,) contains all the data that is either in the relations r,- - -, r,
or can be inferred by correct joins. Clearly, the conclusion that the representative
instance gives the complete picture of the data is based only on the premise that the
dependencies fully describe the semantics of the database scheme.

Of course, the dependencies are stated for a universal relation scheme consisting
of all the attributes. This is appropriate when the relation schemes are the result of
decomposing one universal relation scheme R (which consists of all the attributes). If
this is not the case, then our results apply to each group of relation schemes obtained
by decomposing a bigger relation scheme. Since decomposition is a common tool in
designing database schemes, our results are relevant in practice. To simplify the
discussion, we will continue to consider a database scheme ([R,, - - -, R,], D) in which
all the relation schemes R, - - -, R, have been obtained by decomposing one universal
relation scheme R.

So far, we have concluded that the representative instance contains all the data
that can be inferred from the database. Consequently, queries should be evaluated
according to the representative instance and, so, they may as well be formulated in
terms of the universal relation scheme R rather than R,,- - -, R,. Before going on
with the discussion of query evaluation, we will further explain why formulation in
terms of R is natural and easy. It is well known that decomposition is intended to
remove certain operational (i.e., update and storage) anomalies, and it does so while
preserving the semantics of the database scheme (cf. [U1]). Thus, R;,---, R, and R
have the same semantics and so, in principle, any query can be formulated either in
terms of R,, -+, R, or in terms of R. There are, however, substantial differences
between the two formulations. First, formulating a query in terms of R;, -+, R, is
generally more cumbersome, since the query should specify how to join the R; (unless
it refers to only one of the R;). In comparison, many queries that refer to attributes
of several R; can be formulated in terms of R using only projection and selection.
Second, sometimes it is just impossible to formulate a query in terms of R, - -, R,
in relational algebra (i.e., in first-order logic), whereas the same query can be formulated
in terms of R using projection alone. The reason for that is the fact that the chase
process is recursive,” and recursion cannot be expressed in relational algebra. In this
paper we essentially investigate when a project query on R can also be expressed in
terms of R,, - - -, R, in relational algebra.

We will now explain how to evaluate a query according to the representative
instance. If a query refers to a set of attributes X, then it should be evaluated, in
principle, according to the projection of RI(r,,:--,r,) onto X. However, since
wx(RI(ry, * -+, r,)) may still have nulls that were introduced during the computation

7 A common misconception is the belief that a fixed number of joins describes all the lossless joins
among relation schemes R,, - - -, R,,. This is not true even if there are only functional dependencies [MUV].
In general, the chase is the only method for joining tuples losslessly in all possible ways, and that requires
a number of iterations that depend on the actual relations r,, - -,

s n-
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of the representative instance, it is probably not the most suitable choice. A more
natural choice is the restricted projection of RI(r,---,r,) onto X, denoted
7 {x (RI(ry,- -+, r,)), which is defined to be the projection of RI(r,,- -, r,) onto
X followed by the elimination of all the tuples with nulls in some columns.

Since a query that refers to X is evaluated according to 7 | x (RI(ry, -, 1,)), a
desirable property of a database scheme is the ability to compute efficiently restricted
projections of the representative instance. Of course, we can always perform the chase
on A(ry,---,r,), which is the initial instance created by augmenting the database
relations with nulls, but that involves all the data in the database and, consequently,
is time consuming. An alternative approach is to look for an expression Ex in relational
algebra, such that for all consistent states r,, - -, r,

s "hny

EX(rla t 'arn)=77‘l’X (RI(rl’ e arn))'
Note that the operands of Ex are only therelations ry, - - -, r,,, and not the representative
instance itself; the operators of Ex are the ordinary operators of relational algebra. If
E satisfies the above condition, then we say that Ex computes w | x (RI(ry," - -, r,)).
Hopefully, if Ex exists and can be constructed, then it might be optimized by known
techniques and evaluated in considerably less time than required to perform the chase
on A(ry, -+, 1.

Maier et al. [MUV] have shown that for unrestricted databases if there is a
relational algebra expression that computes 7 | x (RI(ry, " - -, 1,)), then there is also
a (finite) union of (tagged) tableaux UL, T; that computes 7 | x (RI(ry,- -, 1,)).
Not surprisingly, the tableaux in this union (when considered as tgds) are all lossless,
ie, DET,,- - -, T,. Maier et al. [MUV] have also shown that for finite databases the
following two conditions are equivalent:

(1) For all X, there is a union of tableaux that computes 7 | x (RI(ry, -, 1,)).

(2) The database scheme ([R;, - - -, R,], D) is bounded.

Boundedness of the database scheme is similar, but not identical, to boundedness of
D, which was defined in § 2.8 (boundedness of the database scheme depends on both
D and R,, -+, R, and is formally defined in [MUV]). However, when D has only
full tgds, our results imply that the two are the same, i.e., (1) is equivalent to the
following:

(2') The set of dependencies D is bounded.

In the next section, we will show that a set of tgds D is bounded if and only if
it is equivalent to a join dependency. We will also show that this condition is decidable.
In § 6, we will consider database schemes with both tgds and egds, and give a necessary
condition for the existence of a union of tableaux that computes 7 |, (RI(ry, " - -, 1)).
This condition states that the set of dependencies is equivalent to a single join
dependency and some egds; and the condition is decidable. Thus, a database scheme
cannot be bounded unless the effect of its tgds is equivalent to that of a single join
dependency (i.e., the tgds are equivalent to a join dependency over all consistent
instances). In obtaining these results, we assume that the database scheme is lossless,
i.e., DEXR,;. This assumption is reasonable, since a database scheme has to be lossless
in order to reconstruct tuples over all the attributes whose projections are stored in
the database (in other words, unless the database scheme is lossless,
7y (RI(ry,- -, r,)) is always empty [MUV]).

4.2. Idempotency of tableaux computing restricted projections. In this section, we
consider a lossless database scheme ([R;, - -, R,], D) with a set D of full tgds and
egds. We will show that if = |, (RI(r,, -, r,)) is computed by a union of tagged
tableaux U [Z; T;, then UL, T; is idempotent over CON (D), which is the set of all
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consistent instances of D. In fact, U [Z, T; is equivalent to a single idempotent tableau
over CON(D).

In the following proofs, we will use T to denote the composition of the T;, i.e.,
we start by composing T, and T, then composing the result with T3, and so on, until
we get T. Note that when we compose the T;, we ignore the tags and T is an untagged
tableau. The following lemma of [ MUV] states that any union of tableaux that computes
a restricted projection consists of lossless tableaux.

LeEMmMA 4.1. [MUV]. Let ([R,, -, R,], D) be a database scheme with tgds and
egds. Suppose that U /L, T, computes w | x (RI(ry,* -, r,)). When the T, are considered
as dependencies,* D=T,,- -+, T,,.

The next lemma describes fundamental properties of any union of tableaux U /2, T;
and the composition T of its tableaux.

LemMA 4.2. [BV1], [FMUY]. Let UL, T; be any union of tableaux, and T be the
result of composing T, - -, T,,.

(1) T=AT,,: -, T,, and

2) UL T.cT

Note that in (1), all tableaux are considered as dependencies, and in (2), as
untagged tableau mappings.

We will now prove the main lemma of this section.

LEmMMA 4.3. Let ([R,,- -, R,], D) be a database scheme with full tgds and egds.
If UM, T,computes w |y (RI(ry,- -, 1,)), then T =con(p) T?, where T is the composi-
tion of the T,.

Proof. Let p=(ry,---,r,) be any consistent state of D. By our assumption

) 7lu (RI(p))= U Ti(p).

By the definition of the application of tableaux to instances and states

1

@ 5 nimerio (0 meaen)

where the T; are considered with tags on the left-hand side, and without tags on the
right-hand side. Since U{., ;< T and T (as a dependency) is implied by D (by
Lemmas 4.1 and 4.2), we get

(3) 7y ( V'L:J1 Ti(A(p))> cmlu (T(A(p))) s mlu (RI(p)).

It follows from equations (1)-(3)
(4) mlu (RI(p))=m |y (T(A(p))).

For each row w of T there is an R;, such that w has distinguished or repeated
nondistinguished variables only in the columns of R; (since T is the composition of
tagged tableaux). Consequently, for all universal instances I € CON(D),

() T(I)=m |y (T(A(mg,(I), " - -, mg,(I)))).
It follows from (4) and (5) that for all instances I € CON(D),
(6) T(I)=m |y (RI(mg,(I), - -, mg,(I))).

8 Note that when X = U, the T, are not full tableaux. Although we do not consider embedded

dependencies in this paper, the meaning of the lemma should be clear. We are going to use the lemma only
when X = U.
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By Lemmas 4.1 and 4.2, DET and, so, for all instances of I € CON(D), we have
T(I)=T(T(I)) (otherwise, (6) cannot hold). 0O

COROLLARY 4.1. Let U, T; and T be as in Lemma 4.3.

() UL T, =con(p) T-

(2) If CON(D) is the set of all instances, then there exists a T; such that T,=T.

Proof. Similarly to (6), we can also show that U ., T;(I)= = |y (RI(state(I)))
for all instances I € CON(D) and, thus, (1) is true. Condition (2) follows from (1) by
the results of [SY]. 0O

5. Database schemes with full tuple-generating dependencies. In this section, we
consider a lossless database scheme ([R;, - -, R, ], D) where D consists of only full
tgds. We will show that there is a union of tableaux UL, T; that computes
7l (RI(ry, -, r,)) if and only if D is equivalent to a join dependency. There are
two interesting corollaries of this result. First, if there is a union of tableaux that
computes 7 |y (RI(r,"+,r,)), then for all X < U, there is a union of tableaux that
computes 7 {x (RI(ry,- -+, r,)). Second, D is bounded if and only if it is equivalent
to a join dependency.

Note that since D has only tgds, CON(D) is the set of all instances (without
nulls). In the following proofs, we will replace D with a single equivalent tgd d by
composing the tableaux of the tgds of D (by Lemma 4.2, this composition results in
a tgd equivalent to D). The first theorem in this section shows that when D has only
tgds, and there is a union of tableaux U L, T; that computes 7 |y (RI(ry, ", 1)),
then Ty,-- -, T,, are not only implied by D (as shown in Lemma 4.1), but actually
are equivalent to D.

THEOREM 5.1. Suppose that ([R,, - -, R, ], D) is a lossless database scheme, where
D consists of only full tgds. If UL, T, is a union of tableaux that computes
7lu (RI(ry,"-+,1,)), then Ty, -+ -, T,,==D.

Proof. Since the database scheme is lossless, 7 | (RI(state(I))) = CHASE4,(I)
for all instances I (without nulls). In particular, we can view the rows of d as an
instance, and since CHASE4,(d) contains a row with only distinguished variables, so
does UL, T;(state(d)) (state(d) is the state generated by the set of rows of d). Thus,
T,, -, T,,=d. The other direction follows from Lemma 4.1. [

We will now prove the main theorem of this section.

TueorReM 5.2. Let ([R,, -, R,], D) be a lossless database scheme, where D is a
set of full tgds. The following are equivalent:

(1) Forall X < U, there is a union of tableaux that computes 7 | x (RI(r,,- -, r,)).

(2) There is a union of tableaux that computes 7 |y (RI(ry,- -, 1,)).

(3) D is equivalent to a single join dependency.

Moreover, the above conditions are decidable; and when they hold there is an algorithm
that constructs the join dependency to which D is equivalent, and an algorithm that
constructs for all X < U, a union of tableaux that computes w | x (RI(ry,- -, r,)).

Proof. Clearly, (1) implies (2).

Now suppose that (2) is true, and we will show that (3) is true as well. So, let
UL, T; be a union of tableaux that computes 7 |y (RI(r, -, r,)), and let T be
obtained by taking the composition of the T; and then minimizing it. By Lemma 4.3

-and Corollary 3.1, T is a join dependency, and by Theorem 5.1 and Lemma 4.2, T is
equivalent to D. Thus, (2) implies (3).

The proof that (3) implies (1) follows from [Sa4]. In particular, when D consists
of a single join dependency, then for every X < U, we can construct in exponential
time (in the size of the database scheme alone) a union of tableaux that computes
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7 {x (RI(r,,- -, r,)) [Sadl. If D consists of the join dependency XR;, then we can
construct in polynomial time an expression that computes 7 | x (RI(r,,- -, r,)) [Sal],
[Sa4]. The only operators in this expression are project, join, and union and, so, it
can be converted into a union of tableaux in exponential time [SY], but there is really
no need to do that in order to evaluate it efficiently.

We have shown that the three conditions are equivalent, and expressions can be
constructed when D consists of a single join dependency. Now we will show how to
test whether D is equivalent to a join dependency, and how to find this join dependency
when it exists. Recall that d is obtained from D by composing the tgds of D in some
arbitrary order. Let J(d) be the join dependency obtained from d by replacing all
occurrences of repeated nondistinguished variables with new distinct nondistinguished
variables. We claim that if j is a join dependency such that d==lj, then d==J(d).
First, we show that j=J(d). Since j is a join dependency, a single application of the
chase rule for j shows that ji=d (because j is idempotent). Therefore, there is a valuation
h of j into d that maps each distinguished variable of j to a distinguished variable of
d, since CHASE;,(d) contains the row consisting of all the distinguished variables
(because j=d). Clearly, h is also a valuation of j into J(d) that maps distinguished
variables to distinguished variables and, hence, shows that j=J(d).

By mapping each row of J(d) to its corresponding row in d, we get a valuation
that maps distinguished variables to distinguished variables and, thus, J(d)=d. By our
assumption, d=j. Thus, we have shown that j=J(d)=dFj and, so, d and J(d) are
equivalent, as claimed. Consequently, in order to test whether D is equivalent to a
join dependency, we construct d and then J(d), and test whether d=J(d) (note that
J(d)=d is always true). 0O

The following example shows that even if a tgd is equivalent to a join dependency,
it is not necessarily a join dependency.

Example 5.1. Let d be the following tgd (which is the same as tableau T of
Example 2.3). Note that the tableau of d is minimal.

a, a, a, a,
a, a, b, b,
a as by
a, b, a,

The tgd d is equivalent to J(d), which is the following join dependency:

a, a, a, a,
a, a, b, b,
e? a, a, b,
e’ a, b, a,

Recall that in Example 2.3, tableau J(d) was obtained after minimizing the composition
of d with itself. Thus, d and J(d) are indeed equivalent.

We can also show that dEJ(d) by considering the computation of
CHASE,;;(J(d)). The computation starts with the rows of J(d). At first, we can map
the first row of d to the first row of J(d), and the last two rows of d to the second
row of J(d), and that application generates the row

(A) (ala a,, as, b3)'
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Next, we can map the first row of d to the first row of J(d), and the last two rows of
d to the third row of J(d), and obtain the row

(B) (ay, az, by, a,).

Now the first row of d can be mapped to the first row of J(d), the second row to (A),
and the third to (B), and the result is

(ay, az, as, ay)
which shows that d=J(d). Obviously, J(d)Ed and, thus, the two are equivalent.

As discussed in § 2.8, the following corollary is important in deductive databases,
where tgds are viewed as Horn-clause rules:

COROLLARY 5.1. Suppose that D is a set of full tgds. The following are equivalent
and decidable.

(1) D is bounded, i.e., there is a k, such that for all instances I, the computation of
CHASE(I) takes k or fewer iterations.

(2) There is a union of tableaux E such that for all instances I, E(I)= CHASE(I).

(3) D is equivalent to a single join dependency.

Proof. In order to prove the theorem, we consider the special database scheme
([U], D), i.e, this database scheme has a single relation scheme consisting of all the
attributes. A database state for this database scheme is any instance I. The representative
instance of I is just CHASE(I), and that is also the restricted projection of the
representative instance onto U.

Boundedness of D coincides with boundedness of the database scheme ([U], D),
as defined in [MUV]. Thus, by the results of [MUYV], condition (1) of Theorem 5.2 is
equivalent to (1) of this corollary. Therefore, by Theorem 5.2, (1), (2) and (3) are
equivalent and decidable. 0O

6. Database schemes with full tgds and egds. In this section we consider a lossless
database scheme ([R;, - - -, R,], D), where D consists of full tgds and egds. We will
show that if there is a union of tagged tableaux UL, T; that computes
7y (RI(ry, -+, r,)), then D is equivalent to a join dependency and some egds (i.e.,
D is equivalent to a join dependency over all consistent instances). We will also show
that this necessary condition is decidable.

Let E be the set of all the egds in D. All the tgds in D can be replaced with a
single equivalent tgd d, as done in the previous section. Thus, D is equivalent to
{d}U E. The next theorem shows that {d}U E can be replaced with an equivalent set
in which the only tgd is ECHASE(d).

THEOREM 6.1. Let B be a set of dependencies consisting of a tgd t and a set of egds
F. There is a set of egds G (that can be constructed effectively) such that

ECHASEg(t), F, G==t, F.
Proof. Let(w,,- -, w,)betherows of t. G consists of all egds (w,, - - -, w,)/a=b,

where a and b are equated in CHASE,(t). 0O
Since the rows of ECHASE(d) form a consistent instance of D, we can show

that D is equivalent to some egds and the tgds T;, - - -, T,,.
THEOREM 6.2. Suppose that ([R,, - -, R,], D) is a lossless database scheme, and
there is a union of tagged tableaux UL, T; that computes 7 |, (RI(ry, -, r,)). Let

E be the set of all egds in D, and d be the composition of all the tgds in D. The following
are equivalent:

(1) There is a set of egds G,, such that ECHASE(d), E, G,==d, E.

2) Ty, -+, T,,FECHASEL(d).

3) Ty, -+, T, E, Gi==D.
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Proof. Part (1) follows from Theorem 6.1. Part (2) follows from the fact that the
rows of ECHASE;,(d) form a consistent instance, using the same argument as in the
proof of Theorem 5.1. Part (3) follows from parts (1) and (2), and Lemma 4.1. 0O

We will now prove the main theorem of this section.

THEOREM 6.3. Consider a lossless database scheme ([R,, - - -, R,], D) with egds
and full tgds. Suppose that U, T, is a union of tableaux that computes
aly (RI(ry, -+, r,)). Then D is equivalent to a set consisting of a single join dependency

and some equality-generating dependencies. Moreover, this condition is decidable.

Proof. Let T be the pairwise composition of the T;, and recall that CON(D) is
the set of all consistent instances of D. By Lemma 4.3, T =conp) T? and, so, by
Theorem 3.2, ECHASE(T) (after it is minimized) is a join dependency. By part (1)
of Lemma 4.2 and part (3) of Theorem 6.2, there is a set of egds G,, such that T, E,
G,==D. Therefore, by Theorem 6.1, there is a set of egds G,, such that ECHASE,(T),
E, G,, G,F=ID.

We have shown that D is equivalent to a single join dependency and some egds
when 7 |y (RI(ry, -+, r,)) is computed by a union of tableaux. Next, we will show
how to test whether D satisfies this necessary condition, i.e., whether D is equivalent
to a single join dependency and some egds. Consider D=d U E and jU K, where j
is a join dependency, d is a tgd, and E and K are sets of egds. By Theorem 6.1, d U E
is equivalent to ECHASE,(d)U H, where H is a set of some egds. We claim that if
ECHASE(d), HEHj, K, then ECHASE;(d), H==J(ECHASE(d)), H, where
J(ECHASEpR(d)) is obtained from ECHASE(d) by replacing all occurrences of
repeated nondistinguished variables with new distinct nondistinguished variables.

First, we show that j, KEJ(ECHASER(d)), H. Since no variables are equated
when ECHASE;(d) is chased with D and we have assumed that j, K== ECHASE(d),
H, it follows that ji= ECHASE,(d). Since j is a join dependency, a single application
of the rule for j shows that j=E ECHASE(d) (because of the idempotency of j).
Therefore, there is a valuation h of j into ECHASE;,(d) that maps each distinguished
variable of j to a distinguished variable of ECHASE,(d). Clearly, h is also a valuation
of j into J(ECHASE(d)) that maps distinguished variables to distinguished variables
and, hence, shows that j = J(ECHASE(d)). By our assumption, j, K= H and, there-
fore, j, KEJ(ECHASE(d)), H.

By mapping each row of J(ECHASE(d)) to its corresponding row in
ECHASE(d), we get a valuation that maps distinguished variables to distinguished
variables and, therefore

J(ECHASE;;(d))= ECHASE(d)
and consequently
J(ECHASE(d)), H=EECHASE(d), H.
By our assumption,
ECHASE,(d), H=j, K.
Thus, we have shown that
J, KEJ(ECHASE(d)), HE ECHASE(d), H=j, K

and, so, ECHASE(d)UH and J(ECHASE(d))U H are equivalent, as claimed.
Thus, in order to check whether D is equivalent to a join dependency and some egds,
we construct J(ECHASE(d)) and test whether it is implied by D. O
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7. Conclusion. We have considered lossless database schemes with full implica-
tional dependencies. If there is a union of tableaux for the restricted projection of the
representative instance onto the set of all the attributes, then the dependencies of the
database scheme are equivalent, over the set of all consistent instances, to a single join
dependency. If there are no equality-generating dependencies, then the condition is
also sufficient, and a restricted projection onto any set of attributes can be expressed
by a union of tableaux.

The only known case in which there are equality-generating dependencies and
expressions for restricted projections is in that of independent database schemes [GY],
[Sa3] with functional dependencies and a single join dependency. In this case, a union
of tableaux for any restricted projection (and even for tableau queries) can be construc-
ted in the worst case in exponential time (only in the size of the database scheme),
and in some cases (e.g., when there are only functional dependencies) in polynomial
time [Sa4]. This result is a generalization of [AC], [IIK] who have considered indepen-
dent database schemes with only functional dependencies.

Our results also characterize when a set of tgds (which can also be viewed as
Horn-clause rules) is bounded. A set of tgds is bounded if and only if it is equivalent
to a single join dependency. As shown in § 5, this condition is decidable.

Acknowledgment. The author thanks Moshe Vardi for helpful comments.

REFERENCES
[ABU] A. V. AHo, C. BEERI AND J. D. ULLMAN, The theory of joins in relational databases, ACM
Trans. Database Systems, 4 (1979), pp. 297-314.
[ASU1] A. V. AHO, Y. SAGIV AND J. D. ULLMAN, Equivalences among relational expressions, this

Journal, 8 (1979), pp. 218-246.

[ASU2] , Efficient optimization of a class of relational expressions, ACM Trans. Database Systems,
4 (1979), pp. 435-454.

[Arm] W. W. ARMSTRONG, Dependency structures of database relationships, Proc. IFIP 74, North-
Holland, Amsterdam, 1974, pp. 580-583.

[AC] P. AtzeNi AND E. P. F. CHAN, Efficient query answering in the representative instance approach,
Proc. Fourth ACM SIGACT-SIGMOD Symposium on Principles of Database Systems,
Portland, OR, March 1985, pp. 181-188.

[BB] C. BEERI AND P. A. BERNSTEIN, Computational problems related to the design of normal form
relational schemes, ACM Trans. Database Systems, 4 (1979), pp. 30-59.

[BMSU] C. BEERI, A. O. MENDELZON, Y. SAGIV AND J. D. ULLMAN, Egquivalence of relational
database schemes, this Journal, 10 (1981), pp. 352-370.

[BV1] C. BEERI AND M. Y. VARDI, Formal systems for tuple and equality generating dependencies,
this Journal, 13 (1984), pp. 76-98.

[BV2] , A proof procedure for data dependencies, J. Assoc. Comput. Mach., 31 (1984),
pp- 718-741.

[CM] A.K.CHANDRA AND P. M. MERLIN, Optimal implementation of conjunctive queries in relational
data bases, Proc. Ninth Annual ACM Symposium on Theory of Computing, May 1976,
pp. 77-90.

[Co] E. F. Copp, A relational model for large shared data banks, Comm. ACM, 13 (1970),
pp. 377-387.

[CK] S. S. CosmaDpAKIs AND P. C. KANELLAKIS, Parallel evaluation of recursive rule queries, Proc.
Fifth ACM SIGACT-SIGMOD Symposium on Principles of Database Systems, Boston,
MA, March 1986, pp. 280-292.

[Fa) R. FAGIN, Horn clauses and database dependencies, J. Assoc. Comput. Mach., 29 (1982),

pp- 952-983.

[FMUY] R. FAGIN, D. MAIER, J. D. ULLMAN AND M. YANNAKAKIS, Tools for template dependencies,
this Journal, 12 (1983), pp. 36-59.

[GM] H. GALLAIRE AND J. MINKER, eds., Logic and Databases, Plenum, New York, 1978.

[GY] M. GRAHAM AND M. YANNAKAKIS, Independent database schemas, J. Comput. System Sci.,
28 (1984), pp. 121-141.



22

[Ho]
[To]
[1IK]

[Ma]
[MMS]

[MUV]
[Me]

[Na]

[Sat]
[Sa2]
[Sa3]

[Sa4]
[Sa5]

[sY]
[u1]
[Ya]

[YP]

YEHOSHUA SAGIV

P. HONEYMAN, Testing satisfaction of functional dependencies, J. Assoc. Comput. Mach., 29
(1982), pp. 668-677.

Y. E. IOANNIDIS, A time bound on the materialization of some recursively defined views, Proc.
Internat. Conf. on Very Large Data Bases, Stockholm, Sweden, 1985.

M. ITo, M. IwAasAaKI AND T. KASAMI, Some results on the representative instance in relational
databases, this Journal, 14 (1985), pp. 334-354.

D. MAIER, The Theory of Relational Databases, Computer Science Press, Rockville, MD, 1983.

D. MAIER, A. O. MENDELZON AND Y. SAGIV, Testing implications of data dependencies,
ACM Trans. Database Systems, 4 (1979), pp. 455-469.

D. MAIER, J. D. ULLMAN AND M. Y. VARDI, On the foundations of the universal relation
model, ACM Trans. Database Systems, 9 (1984), pp. 283-308.

A. O. MENDELZON, Database states and their tableaux, ACM Trans. Database Systems, 9
(1984), pp. 264-282.

J. NAUGHTON, Data independent recursion in deductive databases, Proc. Fifth ACM SIGACT-
SIGMOD Symposium on Principles of Database Systems, Boston, MA, March 1986,
pp. 267-279.

Y. SAG1v, Can we use the universal instance assumption without using nulls?, Proc. ACM-
SIGMOD Internat. Conf. on Management of Data, Ann Arbor, M1, April 1981, pp. 108-120.

, Quadratic algorithms for minimizing joins in restricted relational expressions, this Journal,

12 (1983), pp. 316-328.

, A characterization of globally consistent databases and their correct access paths, ACM

Trans. Database Systems, 8 (1983), pp. 266-286.

, Evaluation of queries in independent database schemes, manuscript submitted.

, Optimizing datalog programs, Proc. Workshop on Foundations of Deductive Databases
and Logic Programming, Washington, D.C., August 1986.

Y. SAGIV AND M. YANNAKAKIS, Equivalences among relational expressions with the union
and difference operators, J. Assoc. Comput. Mach., 27 (1980), pp. 633-655.

J. D. ULLMAN, Principles of Database Systems, second ed., Computer Science Press, Rockville,
MD, 1982.

M. YANNAKAKIS, Algorithms for acyclic database schemes, Proc. Seventh Internat. Conf. on
Very Large Data Bases, September 1981, pp. 82-94.

M. YANNAKAKIS AND C. H. PAPADIMITRIOU, Algebraic dependencies, J. Comput. Systems
Sci., 25 (1982), pp. 2-41.




SIAM J. COMPUT. © 1988 Society for Industrial and Applied Mathematics
Vol. 17, No. 1, February 1988 002

ANALYSIS OF A HYBRID ALGORITHM FOR PACKING
UNEQUAL BINS*

D. K. FRIESENT AnD F. S. KUHL*Y

Abstract. We consider a bin-packing problem where the sizes of the bins are allowed to vary and where
the goal is to maximize the number of pieces packed. This problem is NP-hard. We examine a new efficient
approximation algorithm which is a hybrid of two algorithms reported earlier, First-Fit Decreasing (FFD)
and Best-Two Fit (B2F). The hybrid is iterative: it attempts to pack smaller and smaller suffixes of its list
of pieces until it succeeds in packing an entire suffix. During each attempt, the hybrid operates by partitioning
the current list of pieces and packing one part by B2F and afterward packing the other part of its list by
FFD. We prove that no instance of the problem exists where an optimal algorithm can pack more than %
the number of pieces the hybrid can pack.

We also give a sequence of examples for which the ratio of the number of pieces packed optimally and
by our algorithm increases asymptotically to 5.

Key words. heuristic, approximation algorithm, bin packing, worst-case performance

1. Introduction. A one-dimensional bin-packing problem is, in general, a com-
binatorial optimization problem involving the partition of a set of objects into subsets.
Specifically we are given: a set of bins B={B,, B,, - -, Byy} and a list of pieces
L={py,ps," -, pn}. For each bin B; and piece p; we are also given a finite, positive
size, denoted s(B;) or s(p;). Two problems of interest are:

(BP) Given B and L as above. Question: Does there exist an assignment of each
pe L to a bin of B such that for each bin B’ the set of pieces assigned to B’ is P’
ZPEP’ S(P) = S(BI)?

(BPN) Given B and L as above, and positive integer J. Question: Does there exist
a subset L* of L such that |[L*|=J, each pe L* is assigned to some bin of B, and, if
the set of pieces assigned to bin B'is P’, then },,_, s(p)=s(B’)?

In problem BP we seek to pack the entire list L of pieces into the given bins. In
BPN, we seek to pack a subset of L of specified size. As an optimization problem,
BPN asks: What is the largest subset of L that can be packed into B? If all the bins
of B have the same size, BP may be stated as an optimization problem: What is the
smallest number of bins needed to pack all of L?

Bin-packing problems arise in a variety of storage-allocation and scheduling
problems. Given a set of varying-length strings to be stored in fixed-length blocks, if
the goal is to minimize the number of blocks needed to store all the strings, we have
BP [7]. If the goal is to store a subset of the strings of greatest cardinality in a fixed
number of blocks, we have BPN. The nonpreemptive scheduling of a system of
independent tasks can also be viewed as a bin-packing problem, where the tasks are
viewed as pieces and the bins as processors. If the processors are identical and the
goal is to minimize the number needed to achieve a given makespan, we have BP. If
the goal is to schedule the largest subset of tasks on a given number of processors, we
have BPN. The goal of minimizing the makespan has been considered as a variant of
BP [5].

* Received by the editors September 15, 1986; accepted for publication (in revised form) March 10, 1987.
+ The MITRE Corporation, Civil Systems Division, McLean, Virginia 22102-3481.
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Bin packing is known to be NP-hard [6], so it is unlikely that any efficient algorithm
exists for the solution of the general problem. Various approximation algorithms have
been reported. Some of the first efforts at establishing guarantees of performance for
approximation algorithms involved bin packing [6], and the present work follows a
similar course.

For a given instance of BPN and approximation algorithm A, we let no be the
number of pieces an optimal algorithm packs, and n, be the number of pieces A packs.
Define R, =ny/ny. Evidently Ry =1 for all instances. As a measure of performance
of A, we choose the ‘“‘worst-case performance,” i.e., the supremum of R, over all
instances of BPN.

The algorithm analyzed here is a hybrid of First-Fit Decreasing (FFD) and
Best-Two Fit (B2F). The latter was defined and its worst-case performance on BP was
analyzed in [3]. We call our new algorithm a hybrid because a given input is partitioned
and different parts are given to the FFD and B2F algorithms. This is in contrast to a
compound algorithm, where both B2F and FFD are run on a given input and the
better packing selected [4]. For the hybrid algorithm H to be presented here, we prove
an asymptotically tight bound of § on its worst-case performance. This bound is lower
than the lowest published bound for an approximation algorithm applied to BPN with
bins of varying size.

In [2], BPN is considered with bins of equal size. The authors give bounds for
two algorithms. The Smallest-Piece-First (SPF) approximation algorithm has
nopr/ Bspr=2—1/m, where m is the number of bins, and nopr and ngpp are the numbers
of pieces packed optimally and by SPF, respectively. And this bound is tight, in the
sense that [2] exhibits examples which achieve this bound. They also give a tight bound
for First-Fit Increasing (FFI) of 3.

The Iterated FFD (FFD¥) is analyzed in [1]. The authors outline a proof that
Nopr=tnprp++ 3. (The original proof in [9] takes over 100 pages.) They give examples
for even numbers of bins that achieve nopr=S5nppp+. If the limit exists of the
ratio nopr/nppp+ as the number of pieces packed increases, it therefore lies in
[% &l

Langston [8] repeats the analysis of [1] and [2] with varying bin sizes. SPF has
a tight bound of 2, regardless of the order the bins are sorted in. FFI also has a tight
bound of 2. The iterated FFD, FFD*, from [8], does best with the bins sorted in
increasing size. It is shown that, if np is the number of pieces packed by FFD* with
bins sorted by increasing size, nopr=3np+1, and gives an example where nopr =5 np.

Thus the limit of nopr/ ne lies in [%,3].

2. Main result.

2.1. The hybrid algorithm. Our algorithm is defined by procedures HSTAR, H,
B2F and FFD, given below. The input to HSTAR is a set of bins {B, - - -, By}, each
bin B; having its positive size s(B;). We assume the bins are sorted so that s(B,)=
s(By)=- - -=s(By). We also give HSTAR a set of pieces {p,,- - -, pn} and, for each
piece p;, its positive size s(p;). We assume the pieces are sorted so that s(p;) = s(p,) =

- +=s(pn). Procedures H, B2F and FFD each return a Boolean value which indicates
whether or not they succeeded in packing all the pieces passed to them. The only
purpose of H is to partition its input into two lists. The larger pieces, defined as those
pi such that s(p;)>s(p;)/2 (f is defined in the algorithm), are packed by B2F; the
remainder (whose relative size may vary greatly) are packed by FFD. HSTAR is an
iterative algorithm which will take successively smaller suffixes of {p;, - -, pn} until
it succeeds in packing an entire suffix.
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proc HSTAR;

f=1

while (H(py, -+ -, pn) =false) fi=f+1;
end HSTAR;

proc H(ps, * * +, Pn);
mark all bins as empty;

let k be the largest i such that s(p;)> s(p;)/2;

if (k>f)
then b2fok = B2F(ps, - - -, pu);
else b2fok = true;

end if;

if(k<N)
then ffdok = FFD(pi+1, "+, Pn);
else ffdok = true;

end if;

return (b2fok and ffdok);

end H;

proc B2F(py, - -+, px)s
mark py, - - -, p; as available (unpacked);
forj:=1to M do
/* pack bin B;*/
for i:=f to k do
if (p; is available and fits in unused space) then
/* pack p; */
mark p; unavailable;
decrease space in B; by s(p;);
end if;
end for;
/¥ can we replace top piece with two? */
if (some piece has been packed in B;, and the
two smallest available pieces will fit in B;
after removing the top piece) then
let p, be the top piece currently packed in B;;
let p, be the smallest available piece;
let empty be the space in B; left after removing p,;
let p, be the largest available piece such that
empty Zs(p.) +5(ps);
let p. be the largest available piece such that
empty Z s(p.)+s(ps);
/* then p, and p. replace p, */
mark p, available and p, and p. unavailable;
adjust total size of pieces packed in B;;
end if;
end for;
if (no p; in py, - - -, pi is available)
then return (true);
else return (false);
end if;
end B2F;
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proc FFD(pi+1, "+ *, PN);
fori=k+1to N do
/* pack piece p; */
j=1
while (j= M and p; will not fit in B;) j:=j+1;
if (j <M or p; fits in By,)
then assign p; to B;;
else return (false);
end if;
end for;
return (true);
end FFD;

The chief reason for considering this hybrid algorithm, instead of simply an
iterative version of B2F, is that the analysis of the hybrid appears to be much easier
than analysis of B2F operating on pieces of unrestricted size. The worst-case example
for our hybrid, presented below, involves only the operation of B2F, so the worst-case
bound for B2F* on varying bins cannot be better than 3.

Expected performance is another matter. We performed computational experi-
ments on HSTAR, B2F* and FFD* to estimate their expected behavior. For each
instance, bin sizes were made to increase linearly and piece sizes were generated
pseudorandomly from a uniform distribution and then sorted. For each instance we
computed R, = ny/n,, estimating no by assuming that the optimal algorithm could
pack perfectly. R, for each algorithm and all instances averaged within a few percent
of 1, supporting the notion that worst-case behavior is rare. In general, B2F* and
HSTAR performed significantly better than FFD*. For some instances, B2F* out-
performed HSTAR; for others, the reverse was true.

Several remarks on the design of H are worthwhile. Firstly, because every piece
p: that B2F considers has s( p;) > s(p;)/2, the total size of any two pieces B2F considers
is strictly larger than that of any one piece. This affects the structure of B2F packings
in ways discussed below. Secondly, we note that the method of replacement in B2F
is used in the analysis. Finally, we note that the consecutive search employed by
HSTAR on its list avoids the possibility of anomalies. But our main theorem as given
would still apply if HSTAR used a nonconsecutive, e.g., binary, search.

Let us consider the time complexity of HSTAR. FFD runs in time O(MN), and
B2F in O(5MN) = O(MN). H adds nothing to the order of the time complexity, so
HSTAR as given is O(MN?). One must add time for the sorting of bins and pieces
that we assume when HSTAR is invoked.

We denote the number of pieces HSTAR succeeds in packing from L into B by
ny+(L, B). We denote the optimal algorithm by OPT and the number of pieces it packs
of L into B by no(L, B). From the definition of the algorithm, HSTAR does not succeed
until it packs all the pieces from some p; to py. In view of the ordering of L, it is
evident that when HSTAR succeeds it packs a suffix {p;, pi+1,* * *, pnt of L, for some
i. The measure of worst-case performance we use is

Ry~= sup np(L, B)/ny+(L, B).
all(L,B)
We shall show that Ry«=3%.
Before that, we present a family of instances of L and B such that
no(L, B)/ ny«(L, B)~>%. For a positive integer k, an instance of the family is as follows.
B contains 1 bin of size 2—2e, 2 bins of size 2 — e, 4 bins of size 2—e¢/2, - - -, and 2~
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bins of size 2—e/2%72, for a total of 2¥—1 bins. L contains 2* —1 pieces of size 1, 2
pieces of size 1—e, 4 pieces of size 1—e/2,- -+, and 2! pieces of size 1—e/2*7?,
for a total of 2(2* — 1) — 1 pieces. The packing by OPT and HSTAR of such an instance
is given in Fig. 1.

Define ny (L, B) to be the number of pieces H (not HSTAR) will pack out of L
into B, if the entire list L is presented to H. Suppose an L and B such that OPT can
pack all of L into B. If H always succeeds in packing suffixes of L that have =3 the
pieces of L, then HSTAR will always halt having packed a suffix containing =3 the
pieces of L, and Ry«=3%. Our main result may be stated as follows.

THEOREM 2.1.1. Given any L and B for which no(L,B)= N (i.e., OPT packs all
pieces of L), H will succeed in packing into B every suffix of L {p;, pix1," -, P~} for
which no(L, BY=3n; (L, B), i.e., for which N—i+1=3N/4.

The proof of this theorem will occupy §§ 2.2 and 2.3, and is organized as follows.
In § 2.2 we assume the existence of an L and B that constitute a counterexample which
is minimal in a sense to be defined below, and which fails in the FFD portion of H.
We derive a contradiction showing that in a minimal counterexample only the B2F
portion of H is actually used. In § 2.3, we examine the behavior of B2F on pieces
meeting the restriction we arrive at in § 2.2, and we show that under that restriction
the packing of B2F never violates the § bound of Theorem 2.1.1. We conclude that no

minimal counterexample, and hence no counterexample whatever, exists to Theorem
2.1.1.

B2F:
1-e 1-e/2 1-e/4 1-e/252
1-e 1-e/2 1-e/d | *° | 1.e2K2 1
OPT:
1-e 1-e/2 1-e/23 1-e/2%2
000
1 1 1 1 1
k-2 . - .
1 bin 2 bins 4 bins 2 bins 2k1 bins

FiG. 1

2.2. The minimal counterexample. A counterexample to Theorem 2.1.1 is some
L={p\,p>, -, p~n}, suffix Ly={ps;, prs1,-*,pn} and B={B,, By, -, Bp} such
that no(L, B)= N, N—f+1=3N/4, and H will fail to pack into B one or more pieces
out of L,. If such a counterexample exists, we construct from it a counterexample that
is minimal in the number of pieces retained from L. Before doing so, we must discuss
properties common to all H packings.

We extend the definition of the size of a piece or bin to sets. If P is a set of pieces,
then s(P)=% ., s(p), and similarly for sets of bins.

Let us classify the pieces packed by B2F. Suppose that when B2F packs bin B; it
has available the ordered list of pieces L'={q,, 9>, g3, - * -}, a subset of L. If B2F is



28 D. K. FRIESEN AND F. S. KUHL

able to pack the first k pieces of L', say q,,¢., ", qx, in B;, then we say pieces
q1,92, " * ', qx have type X or, are X-pieces, more specifically, X,-pieces. Any piece
qx+j» J =2, packed after omitting an available piece, has type Y (or type Yi). If B2F
replaces the top piece in B; with two smaller pieces, the replacements have type F (or
type F,). We can also similarly classify small pieces as types X or Y with respect to
the way FFD packs them. (Type F and Y pieces are sometimes called fallback pieces.)

We say that a bin (rather than a piece) B; has type X, (or, is an X, bin) if B2F
packs k X pieces in B; and no other pieces, and B2F does not replace the top X piece
with two F pieces. Bin B; has type F, if B2F packs k X pieces and then replaces the
top piece with two F pieces. Bin B; has type Y, if B2F packs k X pieces and a Y piece.

LEmMMA 2.2.1. Given a list of pieces L and set of bins B and the H packing of L
into B. Let B! be the set of pieces H packs into bin B;. Suppose we form L' and set B’
of bins by either of the following methods.

(A) Form L' by deleting from L all pieces in B. Form B’ by deleting B; from B.

(B) Let pe L be a piece not packed into any bin of B. Form L' by deleting p from

L Let B'=B.
Then in either case, any bin in the new packing (of L' into B') will be packed with the
same set of pieces it was packed with in the old (of L into B).

Proof. We begin with the first construction.

Consider first bin B;, j <i. If all (large) pieces originally packed by B2F in B; had
type X, then no pe B] was examined in packing B; and the new B2F packing of B;
will be the same. If B2F packed B; with one or more Y-pieces and some p € B} was
examined during the packing of B;, p evidently would not fit in B; and its absence
from L' affects nothing. These remarks apply also to small pieces packed in B;.

Now suppose that in the original packing of B; some p e B} had been the top
piece and was replaced by B2F with two F pieces. We consider the moment in the
packing of L’ (the new packing) when B2F would pack p in B if it were available.
Let the two F pieces in the original packing be f; and f,, and assume s(f;) = s(f,). If
in L’ there is a piece p’, s(p)=s(p’)>s(f1) and no other piece of L' will fit in the
space with p’, then p’ will be packed by B2F as type X (or Y) and will then be replaced
by fi and f,. Now suppose that p’ is packed in the space and that L' contains piece
¥, s(p") = s(y) > s(f1), which fits with p’. Then p’ would have fit with the smallest piece
in L and would have been used in the original replacement instead of f;. Thus no
such y exists, and f; and f, will always replace the top piece. Therefore the set of
pieces packed from L' into B; will be the same as the set packed from L.

We note that with the foregoing, the set of pieces available from L' to pack B;,,
for both B2F and FFD will be the same as was available from L. Thus the packing
from L' of any B;, j> i, will not differ from the original.

Now let us consider the second construction. Suppose p € L is not packed by H
at all. If we form L’ by deleting p from L then H will pack into each B; of B the same
set of pieces it packed from L. To see this, we consider the packing of L into B;. If p
was never packed into B;, its absence affects nothing. If p was packed into B; as the
top piece and then replaced, the absence of p does not affect the replacement, as we
showed above. [

Given a counterexample, we now form a minimal counterexample. We form list
L' by deleting from L all but the largest of the pieces H failed to pack out of L, We
form B’ by deleting from B any bin B; in which neither OPT nor H packs any piece
of L. Now OPT can pack L' into B’ and, by Lemma 2.2.1, H cannot pack L'\ L, into
B’, since one unpacked piece remains. The one piece in L’ which H fails to pack when
it starts at p, we shall call p,. If s(p,) =s(ps)/2, the construction of the FFD part of
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H ensures that p, is the last piece H examines. If p, is the last piece that H examines,
define L,=L'N{py,ps, - -,p} and L,=L'N{p;, prs1, " *,m}, and we have
no(L,,B')Z3[ny(L,, B')+1]. (Note that we had no(L, B) =% ny (L, B)+1] and that
in forming L, and L, we have deleted an equal number of pieces from each.) If p, is
not the last piece H examines (which could happen if s(p;) > s(p;)/2 and B2F fails
to pack p;), we then define L,=L'N{p,, --,pn} and L,=L'N{p;, - -, pn}. Now
B, L, and L, provide us with our minimal counterexample.

We wish to compare the H packing of L, to any optimal packing of L,. The goal
of this section is to show that if p; is the last piece H examines, then s(p;)> s(p;)/2
and thus that FFD will never operate on a minimal counterexample. For the rest of
this section ng shall mean ng(L,, B') and ny shall mean ny(L,, B'), unless otherwise
qualified.

We normalize the sizes of pieces and bins so that s(p,;) =1, and we assume that
s(p1) =s(py)=---=s(p;_1) =1. (If there is an optimal packing of L, including p,,
P2, Pr—1 and they are larger than 1, the same packing is valid if the sizes of
DP1s* 5 Py are reduced to 1.) The pieces p,, p,, * * +, py are the largest in L,. H packs
at least one piece ( py) of size 1, and the pieces, aside from p,, packed by OPT but not
by H, (p1, " - -, pr-1), have size 1. The bins are ordered in increasing size, and there
is at least one bin as large as 1, since H can pack additional pieces of size 1. The B2F
part of H will attempt to pack all the pieces of L, with size >3, while the FFD part
will attempt to pack all the pieces with size =3. We say p; is large when s(p;)>3; if
p; is small we mean s(p;) =3.

We now give as lemmas several elementary properties of a minimal counter-
example. Note that Lemmas 2.2.2-2.2.5 do not depend on p, being the last piece in L,.
LEMMA 2.2.2. The H packing of a minimal counterexample has no empty bins.

Proof. If H packs no pieces in B;, then s(B;) <1, since every piece p available to
pack B; has s(p) =1 and none would fit. Suppose OPT packs B; with pieces q,, g, * - * .
Each g; must be packed in some By, k <1, or else the q; would have been available to
be packed in B;. No g; can be packed by B2F as an F-piece because there can be no
F bins of size <1. Since each g; is either a small piece or is packed by B2F as type
X or Y, we can delete g; from L, and L, and form a smaller counterexample,
contradicting minimality. 0O

LEMMA 2.2.3. The optimal packing of a minimal counterexample has no empty bins.

Proof. 1f B; is empty in the optimal packing, form B* by deleting B; from B’ and
form L] and L} by deleting the pieces H packs into B; from L, and L,, respectively.
By Lemma 2.2.1, Lj, L} and B* are a smaller counterexample, thus contradicting
minimality. 0O

LEMMA 2.2.4. If in the optimal packing of a minimal counterexample, B; contains
only one piece p;, then p; is packed by H (if H packs p; at all) in B, k> i, and, for every
piece p packed by H in B;, s(p) <s(p;).

Proof. Suppose p; is packed in B, k = i. We then contradict minimality by forming
a new counterexample as follows. Delete the pieces H packed in B, from L, and L,.
In the optimal packing, move whatever remains of the former contents of By to the
now empty B; (note that s(By) = s(B;)). Delete B, from B'.

Now we show that the H packing of B; contains no pieces as large as p;. If p; is
packed by H in By, k> i, and H packs a piece p,, in B; with s(p,,) = s(p;), we contradict
minimality as follows. Delete any pieces H packs in B; (notably p,,) from L, and L,.
In the optimal packing, move p; (if it remains) to the position formerly occupied by
Pm- Delete B; from B'. Thus if OPT packs p; by itself, H cannot pack p; in B;, nor can
H pack any p,, in B; with s(p,)=s(p;). O
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To establish s(p;) >3, we need another fact which we give as a lemma.

LemMMA 2.2.5. If OPT packs but one piece p; of a minimal counterexample in bin
B,, then p; is a large piece, and B2F packs B; as an F, bin.

Proof. Suppose p; is a small piece. If H packed p;, then, by Lemma 2.2.4, H packed
p; in By, k> i, and H packed no large pieces in B;. But p; was available to FFD to
pack B; and p; would have fit. If FFD packed p; later, it packed some p,, in B; with
s(pm) = s(p;), in violation of Lemma 2.2.4. If H did not pack p;, then it packed some
Pm With s(p,) = s(p;) in B, violating Lemma 2.2.4. Therefore p; is not a small piece.

Now suppose p; is a large piece. By Lemma 2.2.4, H must pack p; (or p, if j<f;
recall that then s(p,) = s(p;) =1) in By, k> i. Now B2F had room in B; to pack p; (py)
and p; (p;) was available to it. If B2F did not pack B; as an F, bin, it packed some
piece p,, of type X or Y, s(p,,)=s(p;), in B; in violation of Lemma 2.2.4. Thus B2F
packed B; as an F,. 0

Recall that M is the number of bins in a minimal counterexample. Let F be the
set of bins packed by OPT with only one piece. (By Lemma 2.2.5, B2F packs every
bin of F as type F,.) Let f=|F|. Recall that L, and L, are the sets of pieces packed
by OPT and H, respectively. Let Lor and Lyr be the sets of pieces packed by OPT
and H, respectively, in bins of F. Let Lor and Ly, be the sets of pieces packed by
OPT and H in bins not in F.

LEMMA 2.2.6. If p, is the last piece in L,, s(p;)>3.

Proof. Because we consider a counterexample, no>3% or no—ny > no/4. But
no =2M — f because, by Lemma 2.2.5, OPT packs every bin outside F with at least 2
pieces, and every bin in F with 1 piece. Therefore no — ny >4(2M — f). But OPT packs
at most 1 piece that H does not which has size <1; all other additional pieces have
size 1 by assumption. Thus

(1) s(Ly) —s(Ly) >32M —f).
Now s(L,)=s(Lor)+s(Log) and s(L,) = s(Lyr)+ s(Lgyr) and
(2) s(Lor) = s(Lug)+s(Lor) — s(Lur) Z4(2M - f).

But s(Lor) —s(Lyr) <0. To see this, let B; be any bin of F. Recall that B2F packs B;
as a type F, (with two large pieces), so that the total size of pieces packed in B; by
H is >1. By definition of F, OPT packs but one piece in B;, with size =1. Summing
over all bins B;, s(Lor) — s(Lpr) <0. Substituting in (2) yields

(3) s(Log) = s(Lug)>%2M —f).

There are M — f bins outside F, so among those bins the average empty space in the
H packing must be

>1[2M~f]>_1_[2M—2f]=1'
4l M-f] 4l M-f ] 2

There must be some bin B; outside F whose H packing has empty space >3. Since p,
would not fit in B, s(p,)>3 0O

2.3. B2F operating on large pieces. We consider in this section the behavior only
of the B2F part of H on a minimal counterexample.

We assume we are given a minimal counterexample consisting of bins B=
{Bi," -, By}, sorted sothat s(B,) = s(B,) ="+ -=s(By),and pieces L={p,, - -, pn}
sorted so that s(p,) = s(p,) = - - = s(pn). Further, OPT packs all of L into B, so that
no(L,B) = N, and there is a suffix of L, L, ={py, py+1, - -, p~} such that B2F packs
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all but one piece of L, into B. Therefore ny(L,, B) = N —f, and because we consider
a counterexample, 3N /4= N — f+1. In the previous section we assumed that the one
piece H failed to pack was the last piece of its list; here we make no such assumption,
as it is possible for B2F to fail to pack a piece from the middle.

As before, we normalize the size of pieces and bins so that s( p;) = 1. By assumption,
s(pn)>3. We also assume that s(B,)> 1: each bin B; with s(B;)=1 must be packed
by OPT with 2 pieces. Since all pieces have size >3, there can be no B; with s(B;)=1.

Throughout this section we shall for notational convenience let np = no(L, B) and
ny =ng(L,, B) (it being understood that B2F is the only part of H actually executed).

We retain the previous definitions of bin and piece types. Note that B2F cannot,
with the size pieces we consider here, omit a piece and then pack two more pieces
further down the list: the two pieces would be larger than the omitted piece. Similarly
it is not possible that B2F would pack the first k pieces of L,, pack a noncontiguous
(Y) piece p; and then replace p; with two smaller pieces. Because we assume that
s(B,)>1, B, is packed as type X;, F;, or Y;, i=1. Because B, is the smallest bin and
pr will necessarily fit in B, B2F is always able to pack at least the first piece available
to it when it begins to pack each bin.

After the first appearance of a bin of type X, F; or Y, there can be no bins of
type Xi-1, Fr—y, Oor Y,_;. To see this, suppose bin B; has type X, F; or Y. There
was room to pack the first k pieces available to B2F at the time. When B2F packs B,
Jj>1i, s(B;) = s(B;), and the first k pieces available to pack B; are no larger than those
that were available to pack B;. So B; will have type X,, F, or Y, with r=k.

Let B; be a bin of a B2F packing and let P be the set of pieces B2F packs in B,.
If s(P)<3s(B;), we say B, is bad.

In the following definitions, P and Q are regions and i is a positive number. Define:

X to be the number of type X pieces packed by B2F in region P but packed
by OPT in Q in a bin with i pieces;

fo the number of type Y or F pieces packed by B2F in P but by OPT in Q in
a bin with i pieces;

fro the same as fpo but without regard to how many pieces are in the optimal
packing: fro =X, fro;

q po the number of pieces of any type packed by B2F in P but by OPT in Q in a
bin with i pieces;

Myp the number of bins of region P;

nop the number of pieces packed by OPT in region P;

nyp the number of pieces packed by B2F in region P.

The symbol x{,-pyp denotes the number of X-pieces packed by B2F in any region
before D (in this case X, F or Y), but packed by OPT in D. Similar symbols are
defined analogously. When we consider the number of pieces packed in a particular
bin B, nyp will be the number of pieces H packs in B; npp the number of pieces OPT
packs in B; and for a region P, x}g, frs, Xpg, and fzp are defined analogously.

LeMMA 2.3.1. Let X be the region through the last X, bin. Then

1 2
Nox =~ Npx 3Ny _§f(x, r>X)-

Proof. Let By be the last bin of region X. Since no second piece would fit in By,
s(Bx) <2. Thus, because each piece has size >3, OPT can pack no more than three
pieces in By. Further, if OPT packs three pieces in any bin B; of region X, all must
be F pieces packed by H in a bin before Bx. To see this, suppose OPT packed 3
pieces a, b and c in bin B;. Let px be the piece B2F packed in Bx. Then s(px)+s(c) <
s(a)+s(b)+s(c)=s(B;)=s(Bx), so ¢ would have fit with py in Bx. But px was
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packed alone, so ¢ must not have been available when B2F packed By. If ¢ were type
X, it would be larger than px and any other remaining pieces, so another piece would
have fit with px. Thus ¢ was packed as type F before Bx. This argument applies to a
and b as well. Thus

(l.l) no‘_zMx §% g(x
and
(12) 2Mx—n,., =Xx

because any piece packed by H in a bin by itself must be a single X, piece. Adding
(1.1) and (1.2) yields

(1.3) no"nH g%fg(x"'xx.

Suppose OPT packs two pieces in a bin of region X. If both were available when
H packed By, or if one were available and the other were at least as large as the last
X, piece packed, then By would have been type Y, or F;. Hence at least one of those
pieces must be a type F piece packed by H before Bx. Thus

(1.4) no—Mx =3fxx+fix-

Also, because any bin packed by H with a fallback piece is a type Y, or F; bin and
thus has two pieces,

(1.5) ny —Mx Z3fx.
Subtracting (1.5) from (1.4) yields
(1.6) No — Ny é%f?{x"‘f?(x‘%fx-

Multiplying (1.3) by § and (1.6) by 5 and adding yields
no —ny = (3+3) fxx +53 kx +3xx —3fx
=3fxx +3%x —3fx-
Now fx = fxx +fix,r>x), 80
No — Ny g%fxx +3xx _%f(x,r>X)-
Moreover, ny = fx +Xx S0
no—ny =3ny ‘%f(x,»x»

as the lemma requires. 0O
LeEMMA 2.3.2. Let region F be the region beyond X through the last F, bin.

1 2 2
Nor — Nyr S3Nyp —iﬂF,r¢ F) +5fxF-

Proof. Let B be the last bin in region F. Since no piece available when H packed
B would fit with the last piece H packed in By and then replaced (or Br would have
been type Y;), the same arguments used in the proof of Lemma 2.3.1 imply that if
OPT packs three pieces in a bin of F, none were available when H packed Bg. Those
pieces must be fx or fr pieces. Hence

(2.1) Nor — Nyr = hor —2MFg §%[f13-‘F +f;(F]-

Also, if OPT packs two pieces in a bin of F, at least one is a fallback piece from F or
X. Hence

(2.2) nor — M =3(fir+fxe) + fir+ e
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And

(2.3) nur — Mg Z1f.

Combining (2.2) and (2.3) yields

(2.4) Nor = Nur S3f ke + 3 xr+ for+ fxr =2 fr.

Multiplying (2.1) by 3, (2.4) by 3, and adding gives
Nof — NpF S;gfi‘F+%f§(F+§f%F+%f§{F—%fF
=3 b+ e =5 e+ fimrem)
=ifreHifxr —3fmrer)
ur+3fxr =3 mrmp)
as desired. 0O
LeEMMA 2.3.3. If there are no bad X, bins, then no =3ny,.
Proof. Let A be the union of regions X and F. Lemmas 2.3.1 and 2.3.2 imply that
(3.1) Noa = Nia =30pa—3fiars )

Let R be the union of the remaining regions; let q be the piece not packed by H; let
R* be the set of pieces packed by OPT in R; and let R’ be the set of pieces packed
by H in R. Let S be the set of pieces of R* packed by H as type Y or F pieces in A
(thus |S|=far). If pe R*\(SUR’U{q}), p is packed by OPT in R but by B2F in
neither R nor A, since p#gq, p is an X, or s(p)=1, and s(p)=s(p’) for all p'e R'".
Since each bin of R is at least 3 full,

(3.2) s(R*)=%s(R).
Let Q= R*N{q} (thus Q= if g was not packed by OPT in R). Then
s(R*)=s(R*NR")+s(Q)+s(S)+s(R*\(R'USU Q))
and s(R') =s(R'N R*)+s(R'\R¥).
Substituting into (3.2) and combining terms yields
(3.3) s(Q)+s(S)+s(R*\(R'USU Q))=3s(R'N R*)+3%s(R"\R*).

If we let m =max, g s(p), then m=1; and for pe SU Q, s(p)> m/2. Further, for
pe R*\(R'USU Q), s(p) = m. Substituting these into (3.3) yields

5(@)+ (1) 181+ mUR* - ISI-IR*N RD-5(Q)
3.4

4
< (?) (R'N R*l)+(§ m) (IR'|-|R*N RY)).
Combining like terms and dividing by m yields

Q) o1 4 R
210l 511 +IR* <3 IR

or

5(Q)

1 4
R*|<=|S|+= |R|+|Q|-—=
IR¥| <3 IS+ IR+1Q1 =
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If Q=0,

Nor <3far +3Mur <3far +3Nur +3.
If Q#&, s(qg)>m/2 and m=1, so
(3.5) Nog <3far +35nur +3.
Combining (3.5) and (3.1),
(3.6) no <3ny —far +3.

Since no, is an integer, if foar =1, we would have no =4$ny. Thus f4z =0, and all pieces
packed by OPT in R are also packed by H in R, if H packs them at all. Pieces packed
by H in R, but not packed by OPT in R must be replaced by larger pieces by OPT,
so region R is a counterexample; by minimality there is no region A. From the argument
used to show (3.6) we see that if we consider R, R*, and R’ as a counterexample,

S(q)+S(R’)+|R*I—|R'|—1§BZ S(B)=-'S(R)-—[S(R)—— ) S(B)]

Therefore
|R*|§§s(R')—g [S(R')_%st s(B)] +|R'|+1—-s(q)
(3.7) . ©
=§| -3 Z [I—S(P)]—_[S(R)_" x S(B)]+1—s(q)

If all terms on the right of (3.7) except 3| R’| sum to less than 3}, then since |R*| is an
integer, |[R*| =3|R’| as desired. Therefore we shall show that for any bin B,

~§,,§‘B [1-s(p)]—3 LE.B s(p) —% S(B)] +1-s(q) <%.
If this were not so,

3 1

S,E [1-s(p)]+3 [EB S(p)—ZS(B)] —1+s(q)= ~3

and

%ll‘?l+ ZB S(p)+s(q)~s(B)§§.

But | B| =2 (since region R is beyond F) and },,_, s(p)+s(q)> s(B) and we have a
contradiction. [

There must therefore be a bad X, bin if we have a counterexample.

LEMMA 2.3.4. If B is the last X, bin and q, and q, are any two pieces available but
not used when H packed B, then

() +5(42) > L s(p)

Proof. Let x, and x, be two X pieces packed in B. Since ¢, and g, did not replace
X2,

s(x:) +5(q1) +5(g2) > s(B)>3[s(x,) +5(x,)]
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and
s(q) +5(g2) > 3[s(x1) +5(x2)1 = s(x,)

>3s(x) +5(6)1 =3[ s(x,) +5(x2)]

and the lemma follows. 0O

Recall that region A contains all the F, and X, bins. We define region S to include
all Y, bins where the fallback piece is smaller than the last piece g, packed beyond
the last X, bin. All other Y, bins not in A constitute region Y, except those bins where
the fallback piece is as large as the last X, piece. These bins, and all bins through the
last X, bin, constitute region D. All remaining bins constitute region Q. Note that all
bins of S precede all bins of Y. Either region may be empty. Note further that pieces
smaller than q, are fallback pieces if they are packed in Q.

LEMMA 2.3.5.

1 2 2 5 2 2
Nos — Nus =30us+35fas +5/ps +§fos +5Xgs —Ef(s,r;eS)-

Proof. Any bin B of S has nyg =2. If a bin of S contains more than 2 pieces in
the OPT packing, it must contain 3, and each piece must be already packed by H (f,
or fs) or no larger than the piece used by H (f, or f,). Hence

Nos — Ngs = %fAS +%fss +%st +%fos
2
=3/as +§st +ngs +%"Hs —Nys "%xs —%ﬁs,r;éS)

and, since x5 = f(s,s), the lemma follows. 0O
LeMmMma 2.3.6.

2 2 2 5 2 1 1
Noy — Ay =35fay +5foy H3fsy Hofoy X0y t3luy —3f(vr=v)-

Proof. As in Lemma 2.3.5, we need consider only bins packed by OPT with 3
pieces, and again those pieces were already packed by H (f,, fs, fy) or are no larger
than the fallback piece. But we must include X, pieces. Thus

Noy = Ny =3 fay +3fsy +3fvy +3fov +ifoy +iXoy
=3fyy t3fon vy T3Xoy Tinuy —3fy.
Now fy = M, Z3Xoy, 50 3fy Z$xoy and
Noy — Ny = %fYY +% (r#Y,Y) +%xQY +%"HY “%f( Y,r#Y)

and the lemma follows. 0O
LEMMA 2.3.7.

1 2 2 2 2 2 2
Nop — Nup =38up +5fap +5/sp +5XoD +§fQD +5fvp —iﬁD,r# D)-

Proof. If B is a bin of D in which OPT packed 3 pieces, either one of the pieces
was not available when H packed B and is smaller than any piece that was available
(fa, fs, fp), or OPT packed at least 3 pieces smaller than any X, piece (fo, Xo, fy)-
(Otherwise the two smaller pieces would be able to replace the smallest X, piece in
the last X, bin.) Thus, abusing the notation by making it refer to numbers of pieces
in bin B,

(7.1) nop—2=fap+fss+/oB +%fQB+%fYB +%XQB-
If OPT packs B with more than 3 pieces, we claim that

(7.2) Nop —2§%fAB +%fDB+%fSB+%fQB +TlthB +%fYB'
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To see this, let f= fap+ fpp +fsp and x = fop+ X0 + fys, and let m be the average size
of the X pieces in the last X, bin. Then, since s(B) <3m,

imf+imx+m(nog—x—f)<2m+s(q),
where g is the piece not packed by H. Then

1 1 1
: —2<=f+=x+=s(q).
(7.3) nop —2 2f 6x mS(Q)

If the claim is false, 3 f+5x <if+ix+(1/m)s(q), and, since q is smaller than any X,
if+i5x<(1/m)s(q)=1. Thus f=3.
If f=3, then x=2 and npp—2<3-3+¢-2+(1/m)s(q) <3. But then nop—2=
iftix.
If f=2, then x=5 and from (7.3), nog—2=3-1+%-5+(1/m)s(q)<3 and
Nop—2=3f+4x unless x=1. If x=1, nop—2=3-2+% - 1+(1/m)s(q) <2.
If f=1,then - 1+3x<3,s0 x=2and nog—2=%-1+%-2+(1/m)s(q) <2.
If f=0, then x=3 and nos—2=¢-3+(1/m)s(q) <2. Thus the claim is true.
Combining (7.1) and (7.2), using f" to refer to bins where nog—2=1, and f?, x*
to refer to bins where npp —2=2,
nop—2Mp= ¥ nop _2é%f%D+%f2DD+%f§D+%féD+%xZQD+%f§’D
BeD
(7'4) 1 1 1 1p1 1.1 1
+fAD+fDD+fSD+'3‘fQD+§xQD+§fYD-
AISO nHD —2MD§%fD’ SO
(7.5) nOD_nHDé%f2+%x2QD+fl+%xIQD_%fD~
We now obtain another inequality by computing nop —3 Mp. For any bin B packed
by OPT with more than 3 pieces, nog —3 =3[nop —2] (since nog =5), s0 nop —3Mp =
b+ exh. Also 3Mp — nyp =3[xp —5fp]. Combining these yields

(7.6) nop =~ Nup =3fpp+3fap+3fsp+eXbp+3xp —ifp.
Multiplying (7.5) by % and (7.6) by } and adding yields:
Nop = Nup =3 fop +3fap +3fsp +3%pp +3x0p +§Xp — 13/
=i fap+fspl+3lxop + fop +fypl+3nup =3 fiprm D)

as desired in the lemma. 0O
LeMMA 2.3.8 (Summary Lemma). Let I be the region consisting of all bins through
the last X, bin, and let Q be all remaining bins.

Nor = Npy =30 +3Xor =3 fio +5for —3fves

where fro does not contain the fy, contribution.

Proof. The lemma follows from adding the inequalities for the subregions A, S,
Y, and D. The 5f,, term contains only contributions from the Y region. The term Jro
is nonzero only if a piece larger than g, is packed by H in a Y; bin but is packed by
OPT in Q. By Lemma 2.3.6, such pieces can be subtracted with a coefficient no larger
than3. 0O

We examine the remaining bins in the following lemmas. Because of a slight
problem with small fallback pieces in the F, region, we give separate proofs for the
F, and X; regions. All other F, and X, bins are treated together.

LEMMA 2.3.9. In region R=F,UY,,

1 2 5 2 2 2 2 s
Nor — Nur =30uR T5f1r +5for T5%X0r +5/vR —5fR0s —5%XRQ —5.SR0I
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where region Q contains all bins after region R; fros and fro refer, respectively, to fallback
F, pieces which are smaller than g, and at least as large as gq;.

Proof. We prove the lemma by examining bins individually and summing over all
bins in the region. If we can show, for each bin B in region R, that

(9.1) Nos —Nup =3 fis +5fos +3Xos +3fye+35frs+5%rE —3f5s —3fa1+5%n

then the lemma will follow from summing this formula over all bins in R.

Suppose that B is a bin of R for which (9.1) fails. Throughout R we know that
nyp is 3, that xp is 1 or 2, and that fz, + f, is 1 or 2. Since any piece that OPT packs
in B is at least half the size of any piece of type X that H packs in B, and all other
pieces (besides f;) are at least 2 the size, we have easily that

%le +%(fQB +fretfyet Xopt Xrp)t+ nos— (fip +fQB +fretfvp+ Xopt+ xgrp) <3.

This gives us the following, letting f stand for f;z, and g for all the other types of
pieces listed above:

9.2) nog—3<3f+eq.

If (9.1) fails, it is easy to see that npp must be at least 3 and that no bin in R can
contain more than 5 pieces. We have 3 cases to consider.

Case 1. nog =5. In this case, we have from (9.2) that f;3 =4, and (9.1) follows,
since 2=3%-4-%1-2+%-1.

Case 2. nog =4. In this case, (9.2) implies f=2. If f=3, (9.1) follows as in Case
1. If f=2, then (9.2) implies g=1. Then 1=%-2+3-1-% 2+%4=1, and (9.1) follows.

Case 3. nop =3. In this case, we know from (9.2) that f or g must be at least 1.
If fis=1 or fop =1, then (9.1) follows. If B is type Y, and fiz = fop = 0, then (9.1) still
follows if fip = fop =0. If B is type F,, then B cannot contain 2 pieces as large as the
X piece H packs in B and also a piece as large as any available when H packed B.
Thus fyg+ xop = 2. In that case, at least one of the fallback pieces packed by H must
be at least as large as g, because of the way H replaces pieces, and f5, = 1. Substituting
into (9.1) yields the lemma. 0

LEmMMA 2.3.10. If region R is the region X;,

1 2 5 5 2 2 5
Nor — Nur =3hur +5fir t5fir +§fQR +5xor —5Xr0 —5./R0>

where fir is the number of pieces at least as large as q, packed by H and OPT in R.
Proof. As for the previous lemma, this proof is carried out by showing that, for
each bin B in region R,

(10.1) Nos — Nup =3fis+5fis+3fis+3X08+5%X5 —5 /5.

This inequality certainly holds if nog =3, since nyp +5x5 —5f5 > 3. Suppose 4= npp =7.
We know that

(10.2) nop—4<3f+iq

where f = fip and q = fp + fis + X0 + foB.

Case 1. npg =7. In this case, (10.2) implies f;p =6, and (10.1) follows easily.

Case 2. nog =6. In this case, fijp =4, and (10.1) follows.

Case 3. nog=5. Now fig=1. If fiz=3, (10.1) follows easily. Suppose fiz=2.
Then g=1, so if B is a fallback bin, 5—4=%+35+35—35 and (10.1) holds again. If B is
not a fallback bin, then a similar computation shows that (10.1) holds if g =3, or if
fip or fip is nonzero. If there are two X, pieces packed by OPT in B, they would
replace the last X piece H packed, and if there is only one X, piece, it would fit with
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the 3 pieces H packed in B. (If the pieces are larger than g, but already packed, then
other pieces could be used.)

Suppose fjz = 1. If B is a fallback bin, then nog —nyg=1=3-1+3-4+5-2-%-2.
If B is not a fallback bin, then (10.1) holds if fiz + fip + fop = 1,since 2=35+3+3 - 3+3 -3
and g=4. If xop =4, however, any xop piece would fit in B as a fallback piece,
contradicting the fact that B has type X;. This follows since any f;p piece and any
three xop pieces are at least as large as the three pieces H packed in B.

Case 4. npg =4. In this case, all we know from (10.2) is that f+q=1.If Bis a
fallback bin then (10.1) holds. So suppose that B is an Xj; bin. If f;5 or f,5 are at least
1, then again (10.1) holds. If fip, xop Or fop are 1, then g, would have fit, making B
type Y;. Similarly, if fiz+x0p =2, B would be type F;. But if fjz —xop=3, then
1=3-3+5-3 and (10.1) holds. O

LEmMmA 23.11. If R=F,or Y,, n=3, or X,, n=4, then

Nor — MR = %nHR +%fm +ngR +%xQ’R _%xRQ “ngQ,
where region Q contains all bins after I, and Q' contains all bins after R.

Proof. We begin by proving a general inequality that applies in each of the cases.

Let B be any bin of R. Then any pieces from region I must have size at least half that

of the X pieces that H packs in B. Any other pieces that are smaller than the X pieces
must be at least 2 their size. Consequently,

2f18 +%(fQB +Xxo'g) tNos —fis —fop—Xop<n+1

and we can simplify this to

nog—n<sfig +%(fQB +xop)+1.

Since npp —n is an integer,
(11.1) nos —n=3fip+&(fop +Xo )+

Now we assume that B is a bin of R in which OPT packs at least n+2 pieces.
We claim that if R is a region F, or X,, then

Nop—nN é%fm +%fQB +%xo'3
while, if R is Y, then

3 1 1 1
Nop—N=ifip+afop+tixos+i

Note that the only difference between the claim for Y, and the others is the § on the
end. We shall proceed with the proof for the case when R is X, or F, and point out
where the } is needed in three places to fill in the details for the Y, case.

If the claim fails for R = X, or F, then from (11.1) we have by simplifying

ifis+3fop T i%g s <3,
and consequently fip =3 and fig+ fop + X0 =9.

If fip =3, then fop and x5 must be 0. But then nop —n must be at most 13+
if the claim fails. Since it must be an integer, it can only be 2; and then 2=3- 3,
contradicting the supposition that the claim failed.

If fip =2, then fop =0, and xo 5 =3. Again we have nop—n=2 from (11.1) and
the claim holds unless xo5 = 1. In this case, however, the xo 5 piece would fit with
the n pieces packed by H in the last bin of region R, contradicting the fact that R is
X, or F,. If R is region Y, then the additional } added to the claim is sufficient if
Xos = 1. Note that xo 5 cannot be 0 by (11.1).

[-\%]
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If fig =1, then fop+xop =6, if the claim is false. From (11.1) we again obtain

nop —n =2 and the claim holds unless fop =2 and fop + xo 3 =4. But also from (11.1),
2=3+5(fop+XoB) +3

implies that fop+ x5 =4 and, if fop= 1, the claim holds. Thus if the claim is false,
fos =0 and xqo 5 =4. As above we now find that any of the x4 pieces would fit in the
last bin of R, contradicting the fact that the bin is of F or X type. And again the } in
the claim when R =Y, is sufficient for this case as well.

Finally, if f;p =0, then we can again show that nop —n =2, and that f,z =0 and
xgp=7. If xo5 <7 the claim holds, so it must be exactly 7. Again we find that any
of the smaller pieces would fit in the last bin of R. And again in the Y, case, the
additional § is sufficient to cause the claim to hold.

Suppose now that nog =n+1, and that R is of type X, or F,. If OPT packs B
with no pieces smaller than those available to pack the last bin Bg of R, then there
must be at least two pieces smaller than the pieces of type X in Bg, if R is an F,,
and 3 such pieces if R is an X,. Thus if R=F,, (using f' and x' to denote pieces
packed by OPT in a bin with n+1 pieces)

(11.2) nop—n=fip +f;)B+%xb’Ba
and if R is X,,,
(11.3) nop—n=fis+fos+3xgp.

For R = F, we have from (11.2) and the claim (using f and x* to denote pieces packed
by OPT in a bin of n+2 pieces):

Nogp— N g%flzm +f113 +f‘QB +%f€>3 +71x20'3 +%xlo'a,
and summing over all bins of R, using nyg = n|R|+3fx,
¢! 1-4) NoRr — NHr é%fIzR +f;R +ft1;>R +%féR +%sz’R +%xIQ’R —'%fR'
Thus, for R=F,,
(11.5) NoRr — NHR —S—%fix +f;R +%f(22R +be +%x%2R +%xIQR _%fR
For R =Y, we can obtain the same result since nyg = n|R|+ fx. Also, from (11.1),
nop—(n+1) é%f%a"'%féa +%x%33
and, summing over all bins of R,
(11.6) NoRr — NHR g%f?R-‘-észR +%szR-
Multiplying (11.5) by 3 and (11.6) by 3,
Nor — NHRr §%fm +%fQR +%xQR _%fR
=3nur +3fir +5for +3X0r —3%0r —5for

and the lemma holds when R=F, or Y,,.
Similarly when R is an X, region, we get from (11.3) and the claim, and from
summing over all bins of R,

(11.7) Nor — NHR §%f12R +f;R +fIQR +%féR +%sz’R +%le’R _%fR-
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For any bin B of R, nyz=(1/n)xg—(n—1)fg/2n. Thus

1 1 1 n-—1
noa“"Hagiffk'*'g(fés"‘x%ga)"‘;xs—_“‘zn JB
and
1 1 1 n—1
(11.8) "OR_"HRg’if%R'f'g(f(z()R"‘sz)'l';xR— n fr.

Multiplying (11.7) by 3 and (11.8) by § yields
Nor — MR = %flR +§fQR +%XQR +ng-

Since n =4, the lemma follows in this case as well. 0O
Adding Lemmas 2.3.8 through 2.3.11 yields the final result.
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AN OPTIMAL ALGORITHM FOR FINDING A MAXIMUM INDEPENDENT
SET OF A CIRCULAR-ARC GRAPH*

SUMIO MASUDAT AND KAZUO NAKAJIMA}

Abstract. A new algorithm is presented for finding a maximum independent set of a circular-arc graph.
When the graph is given in the form of a family of n arcs, our algorithm requires only O(n- log n) time
and O(n) space. Furthermore, if the endpoints of the arcs are already sorted, it runs in O(n) time. This
algorithm is time- and space-optimal to within a constant factor.

Key words. optimal algorithm, circular-arc graph, maximum independent set
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1. Introduction. Let G=(V, E) be a graph. Two distinct vertices u and v in V
are said to be independent from each other if (u, v) € E; otherwise they are said to be
adjacent to each other. A subset X of V is called an independent set of G if any two
vertices in X are independent. A maximum independent set of G is an independent
set whose cardinality is the largest among all independent sets of G.

Consider a finite family S of nonempty sets. A graph G=(V, E) is called an
intersection graph for S if there is a one-to-one correspondence between S and V such
that two sets in S have a nonempty intersection if and only if the corresponding vertices
in V are adjacent to each other. If S is a family of intervals on the real line, then G
is called an interval graph. When S is a family of arcs on a circle, G is called a
circular-arc graph for S.

Interval graphs have been used in many practical applications [6], [12], [14], [15],
and, as such, a wide variety of algorithms have been developed [2], [5], [7], [9]-[11].
Furthermore, as a generalization of interval graphs, circular-arc graphs have received
considerable attention in recent years. Tucker [13] gave an O(n’) time algorithm for
recognizing circular-arc graphs, where n is the number of the vertices in a given graph.
Garey, Johnson, Miller and Papadimitriou [3] showed that the vertex coloring problem
is NP-complete for circular-arc graphs. Gavril [4] developed polynomial time
algorithms for finding a maximum clique, a maximum independent set, and a minimum
covering by disjoint cliques of a circular-arc graph. When the graph is given in the
form of a family of n arcs, the algorithms produce solutions in O(n*?), O(n*), and
O(n’) time, respectively. Later, Gupta, Lee and Leung [7] gave O(n?) time implementa-
tions of the last two algorithms of Gavril’s. Leung [10] developed an efficient algorithm
for generating all maximal independent sets of a circular-arc graph. Recently, Hsu [8]
presented an algorithm for finding a maximum weight clique for the case when each
vertex is assigned a real number as its weight. Its time complexity is O(n - m), where
m is the number of edges of the graph.
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In this paper, we present a new algorithm for finding a maximum independent
set of a circular-arc graph. We show an O(n - log n) time and O(n) space implementa-
tion of the algorithm when the graph is given in the form of a family of n arcs on a
circle. If the endpoints of the arcs are already sorted, the algorithm is shown to run
in O(n) time.

It should be noted that Gupta et al. [7] have proven that it requires Q(n - log n)
time in the worst case to find a maximum independent set of an interval graph with
n vertices. Since every interval graph is a circular-arc graph, our algorithm is both
time- and space-optimal to within a constant factor.

2. Definitions and notation. Let S={a,, a,, - -, a,} be a family of arcs on a circle
C. Each endpoint of the arcs is assigned a positive integer, called a coordinate. The
endpoints are located on the circumference of C in ascending order of the values of
the coordinates in the clockwise direction. Without loss of generality, we can assume
that (i) all endpoints of the arcs in S are distinct, and (ii) no single arc in S covers
the entire circle C by itself.

For simplicity, we call the endpoint with coordinate j as point j. Suppose that an
arc begins at point j and ends at point k in the clockwise direction. Then, we denote
such an arc by (j, k), and call points j and k as the head and the tail, respectively, of
the arc (j, k). Fori=1,2,---,n, let h; and ¢; denote the coordinates of the head and
tail, respectively, of arc a;, that is, a; = (h;, t;). We show an example of a family of
arcs in Fig. 1, where a,=(1,7), a,=(3,5), a;=(6,9), a,=(8, 12), as=(10,13), ac=
(11, 15), a,=(14,4) and ag=(16, 2).

Fi1G. 1. A family of arcs on a circle C.

For an arc a;€ S and an endpoint j of another arc in S, we say that a; contains
point j if one of the following three conditions holds (see Fig. 2):
() 1=sh<j<t;=2n.
(i) 1=, <h<j=2n.
(iii) 1=j<t,<h;=2n
For two distinct arcs a; and g; in S, we say that they intersect with each other if one
of them contains at least one of the endpoints of the other arc; otherwise a; and a;
are said to be independent from each other. If a; contains both endpoints of a;, we
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Q; 9

(a) (b) (c)

FIG. 2. Cases in which arc a; contains pointj. (a) 1=h,<j<t;=2n.(b) 1=t,<h;<j=2n.(c) 15j<t,<
h;=2n.

say that a; contains a;. The circular-arc graph for S, denoted by G, is defined as follows:
G2 (Vs, Eg), where
Vs2{v,, v, -+, v,} and
Es2 {(v, ;)| a; and q; intersect with each other}.

For example, Fig. 3 depicts the circular-arc graph for the family of arcs given in Fig. 1.

A subfamily S’ of S is called an independent arc family (abbreviated to an IAF)
if any two arcs in S’ are independent from each other. A maximum independent arc
Jfamily (abbreviated to an MIAF) of S is an IAF whose cardinality is the largest among
all IAF’s of S. For example, the family of arcs shown in Fig. 1 has two MIAF’s,
{a,, as, as, ag} and {a,, as, ae, ag}. Clearly, the MIAF’s of S and the maximum indepen-
dent sets of Gs are in one-to-one correspondence. In the following section, we will
present an algorithm for finding an MIAF of a family of arcs.

Fi1G 3. The circular-arc graph for the family of arcs in Fig. 1.

3. Outline of the algorithm. Let S={a,, a,, -, a,} be a family of n arcs on a
circle C. S is said to be canonical if (i) h’s and t’s for i=1,2,- -+, n are all distinct
integers between 1 and 2n, and (ii) point 1 is the head of arc a,. For instance, the
family of arcs shown in Fig. 1 is canonical, but the one given in Fig. 4 is not. It should
be noted, however, that these two families of arcs correspond to the same circular-arc
graph, which is shown in Fig. 3. When S is not canonical, by using a regular sorting
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F1G. 4. A noncanonical family of arcs.

algorithm [1], one can construct, in O(n-log n) time, a family of arcs S’ such that
Gs = Gg'. Throughout this paper, we assume that the family S is canonical.

For a subfamily S’ of S, let «(S’) denote the cardinality of a maximum independent
set of Gy, or equivalently that of an MIAF of S'. We start with the following theorem.

THEOREM 1. Suppose that an arc a; € S contains another arc a; € S. Then, any MIAF
of S—{a;} is an MIAF of S.

Proof. 1t is clear that a(S)= a(S—{a;}). Let X be an MIAF of S. If a; £ X, then
X is an IAF of S—{a;}. On the other hand, if a; € X, then (X —{a;}) U{q;} is an IAF
of S—{a;}. These imply that a(S)= a(S —{a;}). Thus, a(S)= a(S —{a;}), and hence
any MIAF of S—{a;} is an MIAF of S. [0

An arc a;=(h;, t;,)€ S is called a forward arc if h;<t; otherwise a, is called a
backward arc. For example, there are two backward arcs, a, and ag, in the family of
arcs of Fig. 1. In our algorithm, we first remove all forward arcs which contain other
forward arcs. Let S denote the resultant family of the forward arcs, and let Sz denote
the family of all backward arcs in S. Then, we have the following lemma and theorem.

LEMMA 1. Sg # .

Proof. Since S is canonical, it has at least one forward arc, that is, a,. If a, is the
only forward arcin S, S ={a,} # . On the other hand, if S has more than one forward
arc, there exists at least one forward arc which does not contain any other forward
arc. Thus, Sg # O in either case. [

THEOREM 2. 1=a(Sp)=a(S)=a(Sg)+1.

Proof. Since Si # & from Lemma 1 and Sz < S, 1= a(Sr) = a(S). From Theorem
1, a(S)=a(Sr U Sg), and hence a(S)= a(Sg)+ a(Sg). Furthermore, it is clear that
a(Sg) =1 if Sp#, and that a(Sg) =0 if Sz =. Therefore, the theorem holds. [

Our algorithm tests whether there exist an MIAF, X of Si and an arc g; € Sp such
that X U{aq;} is an IAF. From Theorem 2, if such an MIAF, X and an arc a; exist,
then X U {a;} is an MIAF of S; otherwise any MIAF of S is an MIAF of S. In general,
the number of MIAF’s of S may be an exponential function of |Sg|. However, our
algorithm efficiently performs this test by exploiting a property of an MIAF of S which
will be described later in Theorem 3.

Let X ={a;,a;,," -, a,} with h, <t, <h,<t,<---<h;, <t, be an IAF of Sg.
Then we call h; (resp., t; ) the starting coordinate (resp., the ending coordinate) of X
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and denote it by sc(X) (resp., ec(X)). Let X, and X, be two IAF’s of Sg. We say that
X, dominates X, if one of the following conditions holds:
(i) sc(X,)<sc(X;) and ec(X,) = ec(X,).

(i) sc(X,) =sc(X,) and ec( X)) < ec(X,).

An MIAF, X of Sk is called a dominant maximum independent arc family (abbreviated
to a DMIAF) of Sg if no other MIAF of Sr dominates X.

LeEMMA 2. Let X be an MIAF of Sg U Sg. If there exists an MIAF, X, of Sk which
dominates X N Sg, then X,U (X N Sg) is an MIAF of S.

Proof. Suppose that X N Sz =. Then a(Sg)=a(SrU Sg) = a(S). Since | X,|=
a(Sg), X,U(X NSy)= X, is an MIAF of S. On the other hand, suppose that X N Sg #
. Since a(Sp)=1, | X N Sy|=1. Let a; be the unique element in X N Sg. Then, it is
clear that t; < sc(X —{a;}) and ec(X —{a;}) < h;. Since X, dominates X N S =X —{a;},
sc(X N Sg)=sc(X,) and ec(X,)=ec(X N Sg). Therefore, we have t;<sc(X,;) and
ec(X,) < h; (see Fig. 5). This implies that X; U {a;} is an IAF of S. Since |X,U{a;}|=
a(Sp)+1, X,U(XNSp)=X,U{a;} is an MIAF of S from Theorem 2. 0O

rarc in X
—-—:arc in X1

\_/

F1G. 5. An illustration for the proof of Lemma 2.

LEMMA 3. Let X be an MIAF of SpU Sp. Then, there exists a DMIAF, X, of Sg
such that XU (X N Sg) is an MIAF of S.

Proof. If X N Sk is a DMIAF of Sk, then the theorem trivially holds. Otherwise,
there exists a DMIAF of Sg, say X,, which dominates X N Sg. From Lemma 2,
X, U(XNSg)isan MIAF of S. O

Lemma 3 implies that it suffices to consider DMIAF’s of S in order to test whether
there exist an MIAF, X of Sr and an arc a; € Sp such that X U{q;} is an IAF of S.
In the following, we will show that the space which must be searched to find a desired
MIAF of Sk can be reduced further.

The next lemma is obvious from the definition of a DMIAF.

LemMA 4. Let X, and X, be two DMIAF’s of Sg. Then, sc(X,;) = sc(X,) if and
only if ec(X,) = ec(X,). Furthermore, sc(X,) < sc(X,) if and only if ec(X,) < ec(X,). 0O

Let D be the set of all DMIAF’s of Sg. A subset of D, R={X,, X5, -+, Xy} is
called an essential DMIAF set for Sg if it satisfies the following two conditions:

(i) sc(X;)#sc(X;) forany 1si#j=k

(ii) For any DMIAF, X of Sk, there exists an integer j such that 1=j=k and
se(X;) = sc(X).

Let us consider the family S of arcs shown in Fig. 6. In this particular case, Sr consists
of eight arcs ay, a,, - -, ag, and has ten MIAF’s: {a,, a,, a;}, {a,, a,, ag}, {a,, as, ag},
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FIG. 6. A canonical family of arcs S. {{a,, a,, a;},{as, as, ag}} and {{a,, a,, a;},{as, as, ag}} are essential
DMIAF sets for Sg.

{ai, as, as}, {az,a4,a:}, {a2,a4,as}, {a»,as,as}, {a,a,as}, {as,as,as} and
{as, ag, as}. Among them, {a,, a4, a;}, {as, as, ag} and {a;, a¢, as} are DMIAF’s. Since
the last two have the same starting coordinate, each of the sets {{a,, a4, a;}, {a;, as, as}}
and {{a,, a4, a;}, {as, ae, as}} is an essential DMIAF set for Sg.

From Lemma 3 and the first half of Lemma 4, we have the following theorem.

THEOREM 3. Let X be an MIAF of Sp U S, and let R be an essential DMIAF
set for Sg. Then, there exists a DMIAF, X, € Rg such that X,U (X N Sg) is an MIAF
of S. O

We now show the framework of our algorithm. Its correctness follows directly
from Theorems 2 and 3.

AvLcoriTHM FIND-MIAF.

Input: A canonical family of arcs S={a,, a,, -, a,}.

Output: An MIAF of S.

Method:

1. Determine Sy and Sp.

2. Find an essential DMIAF set for Sg, Rr={X;, X,, - -+, X}

3. If there exist a DMIAF X, € Rr and an arc a;€ Sp such that f; <sc(X;) and

ec(X;) <h;, then generate X;U{a;}; otherwise generate an arbitrary MIAF
of SF. 0

In the next section, we give a linear time implementation of this algorithm.

4. Efficient implementation of the algorithm.

4.1. Determination of Sr and Sg. Suppose that a canonical family of arcs S=
{a;,a,,- -, a,} is given as an input to Algorithm FIND-MIAF. Let S} denote the
family of all forward arcs in S. Recall that Sy is the family of all forward arcs in S
which do not contain any other forward arcin S. Note that S = S U Sg and SN Sz = .
We can partition S into S% and Sp in O(n) time. In order to extract Sr from Sk, we
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first create an empty queue Q and initialize Sr to be empty. Then we visit the endpoints
of the arcs in S one by one in ascending order of their coordinates. If we find the
head of some arc a;, we insert integer i into Q. If we find the tail of some arc a;, we
check whether integer i exists in Q or not. If it does not, we do nothing; otherwise
we delete from Q the integer i and all integers which are placed before i, and then
we add arc a; to Sg.

Suppose that an integer j is deleted when the tail of a;(i # j) is visited. Since the
tail of a; has not been visited, t; < ;. Furthermore, h; < h; since the integers are inserted
into Q in ascending order of the coordinates of the heads of the corresponding arcs.
These imply that a; contains a;. Thus, a;€ Sg. On the other hand, arc a; does not
contain any other forward arc; otherwise the tail of some arc a, such that h;, > h; would
have been visited earlier than that of a; and integer i would have already been deleted.
Therefore, a; € Sg.

Since S is canonical, the coordinates of the endpoints of the arcs in S} are distinct
integers between 1 and 2n. Therefore, this procedure determines Sr in O(n) time and
with O(n) space. Thus, the next theorem follows.

THEOREM 4. Determination of Sg and Sy can be done in O(n) time and with O(n)
space. 0O

4.2. Finding an essential DMIAF set for S.. Suppose that Sg has been obtained.
Without loss of generality, we assume that Sp ={a,, a,, - -, a5} with h; <h,<---<
hjs.. (The renumbering of the subscripts of the arcs can be performed in O(n) time
by a bucket sort [1], if necessary.) The following lemma provides an important property
of an essential DMIAF set for Sg.

LeMMA 5. Let Rp={X,, X5, "+, X} be an essential DMIAF set for Sg. Then,
XNX,= for 1=si#j=k

Proof. Let i and j be integers such that 1=i# j = k. By definition, X; and X; are
DMIAF’s of Sg. Without any loss of generality, we can assume that sc(X;) <sc(X;)
and ec(X;) <ec(X).

Assume that X; N X;# J, and let a, be an element in X; N X;. Let X; and X7
denote {a, € X;|t, <M} and {a, € X;|h, > t,}, respectively. Similarly, let X; and X;
denote {a, € Xj|t, < h;} and {a, € Xj|h, > 1}, respectively. Then, clearly X; U{a,} U X7
is an IAF of Sg. This implies that |[X|=|X7]| since X;=X; U{a,}U X} is an MIAF
of Sg. Similarly, since X; U{a,}U X; is an IAF of Sr and X; is an MIAF of Sg, we
have | X[|=|X7|. Therefore, |X;|=|X7]|. This implies that X; U{a;}U X{ is an MIAF
of Sk since it is an IAF of Sr and |X; U{a}U X |=|X)|. It is clear that sc(X;) <
se(X;)=sc(X;U{a,}UXT) and ec(X;)=ec(X;U{a}UX7)<ec(X;). Therefore,
X; U{a:}U X dominates both X; and X;. This contradicts the facts that X; and X;
are DMIAF’s of Sr. Consequently, X;NX;=. 0

CorOLLARY 1. Let Rp={X,, X,, -+, X} be an essential DMIAF set for S.. Then
1 X0+ + -+ - +| X =[Skl

Proof. 1t is clear from Lemma 5. [

Let Z be defined as {a; € Sg|h, = h; < t,}. Then, the following lemma is obtained.

LEMMA 6. For any MIAF, X of Sk, | XN Z|=1.

Proof. Any two arcs in Z intersect with each other, and hence | X N Z| = 1. Further-
more, | XNZ|#0; otherwise, XU{a;} would be an IAF of Sg. Therefore,
IXNnzl=1. O

For an IAF of S, X ={a;, a,, -, a;} with h; <h,<-:-<h,, a, is called the
starting arc of X. For each arc a; € Sk, an IAF containing a; as its starting arc is called
a largest 1AF for aq; if it contains the maximum number of arcs. Then we define YS,
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as the set of all largest IAF’s for a;. For example, consider the family of arcs of
Fig. 6 again. Then, YS, ={{a,, a4, a;}, {a,, a4, as}, {a,, as, ag}, {a,, as, as}} and YS;=
{{as, as, as}, {as, as, as}}.

For i=1,2,--+,|Sk|, let Y; be an IAF in YS; whose ending coordinate is the
minimum among all IAF’s in YS;. Suppose that Z={a,, a,, - *, a,,}. By assumption,
h,<h,<---<h,. We show below several theorems and lemmas which play important
roles in finding an essential DMIAF set for Sk.

LEMMA 7. Let X be a DMIAF of Sr and let a; be its starting arc. Then, 1=i=m
and Y; is a DMIAF of Sk.

Proof. From Lemma 6, a; € Z, that is, 1 =i=m. It is clear that X is a largest IAF
for a;. Therefore, |Y;| =|X|, and hence Y; is an MIAF of Sg. Furthermore, since Y;
has the minimum ending coordinate among all IAF’s in YS; and X is not dominated
by Y;, ec(Y;) = ec(X). These imply that Y; is a DMIAF of Sp. O

THEOREM 5. Let R be the set of all DMIAF’s in{Y,,Y,, -+, Y,}. Then, Ris an
essential DMIAF set for Sk.

Proof. Let X be any DMIAF of Sr. Then, from Lemma 7, a DMIAF of Sg, Y;
exists in R such that 1=i=m and sc(X) = sc(Y;). Therefore, there exists a subset of
R which is an essential DMIAF set for Sg. Since h, <h,<::-<h,,, sc(Y;)<sc(Y,)<
+ + + < 5¢(Y,,). This implies that no two DMIAF’s in R have the same starting coordinate.
Thus, R itself is an essential DMIAF set for Sp. [

LemMMmA 8. Suppose that Y; is not an MIAF of Sr for some integer i such that
1=i<m. Then, Y, is not an MIAF of Sg forj=i+1,i+2,--- ,m.

Proof. Assume that Y, is an MIAF of Sy for some k such that i+1= k= m. Then
| Yi|>|Y:|=1, and hence |Y,|=2. Since h;<h, and a; does not contain a, t;<#.
Furthermore, it is clear that t, < sc( Yy —{ax}). Therefore, {a;} U (Y, —{ay}) is an MIAF
of Sk. Since its starting arc is a;, every IAF in YS; is an MIAF of Sg. This contradicts
the hypothesis that Y; is not an MIAF of Sg. Therefore, there does not exist such an
integer k that i+1=k=m and that Y, is an MIAF of Sz. O

COROLLARY 2. Y, is an MIAF of Sg.

Proof. 1t is clear from Lemmas 7 and 8. O

LeEMMA 9. Suppose that Y; is an MIAF of Sg for some integer i such that 1=i=m.
Then, if Y; is not a DMIAF of Sk, there exists an integer j such that i <j=m and that
Y; is a DMIAF of Sg which dominates Y.

Proof. If Y; is not a DMIAF of Sg, then there exists a DMIAF of Sg, say X,
which dominates Y;. By definition, Y; has the smallest ending coordinate among all
largest IAF’s for a;, and hence a;¢ X. This implies that h; =sc(Y;)<sc(X) and
ec(X)=ec(Y;). Let a; be the starting arc of X. Then, from Lemma 7, j=m and Y, is
a DMIAF of Sg. Since sc(X)=h;, h;<h;, and hence i <j=m. Furthermore, since
sc(Y;)=sc(X), ec(Y;)=ec(X) from Lemma 4. Therefore, Y; dominates Y;. 0O

COROLLARY 3. If Y, is an MIAF of Sk, then it is a DMIAF of Sg.

Proof. 1t is clear from Lemma 9. 0O

CoOROLLARY 4. Suppose that Y; is an MIAF of Sg for some integer i such that
1=i<m. Then, if Y;,, is not an MIAF of Sg, Y; is a DMIAF of Sg.

Proof. 1t is clear from Lemmas 8 and 9. 0O

LeEmMMA 10. Suppose that both Y; and Y,., are MIAF’s of S for some integer i
such that 1=i<m. Then, Y; is a DMIAF of Sg if and only if ec(Y;) < ec(Y;+).

Proof. Clearly h; =sc(Y;)<sc(Yir1)=h;ir;. So, if ec(Y;)=ec(Y;,,), then Y,
dominates Y;. Thus, if Y; is a DMIAF of Sk, then ec(Y;) <ec(Yii,).

Suppose that Y; is not a DMIAF of Sr. From Lemma 9, there exists an integer j
such that i+1=j=m and that Y; is a DMIAF of S which dominates Y. Since a;
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does not contain a; and Y; dominates Y;, |Y;|=2, and hence |Y}| = 2. Furthermore, if
Jj#i+1,t,,,<t,and hence t,,, <sc(Y;—{a;}). This inequality also holds when j = i+1.
Therefore, ec(Y;.,) = ec(Y; - ({a;}); otherwise {a;,,} U (Y;—{a;}) would be selected as
Yi+1. Since ec(Y; —{a;}) = ec(Y;) = ec(Y;), we have ec(Y;.,) = ec(Y;). Thus, if ec(Y;) <
ec(Yii,), then Y; is a DMIAF of S. O

THEOREM 6. Suppose that Y; is an MIAF of S for some integer i such that
1=i=m. Then, Y, is a DMIAF of S if and only if one of the following three conditions
holds:

(i) i<m and Y., is not an MIAF of Sk.

(ii) i<m and ec(Y;) <ec(Yiyy).

(iii) i=m.

Proof. 1t is clear from Lemma 10 and Corollaries 3 and 4. 0O

We now present a procedure to find an essential DMIAF set for Sg. Its correctness
can be easily proven by using Theorems 5 and 6, Lemma 8 and Corollary 2.

ProcepURE FIND-EDS.

1. Z «<{a;€ Sg|h; = h;<t,}. Suppose that Z={a,, a,," -, a,}.

2. Fori=1,2,---,m, find ec(Y;) and |Y;|, where Y; is defined as before.

3. Re«J. i<1.

4. While |Y;|=|Y;| and i < m, execute the following instructions 1 and 2.
(1) If | Yi44| <| Yi| or ec(Y;) < ec(Yi1,), then determine Y; and R< RU{Y;}.
(2) iei+1.

5. If i=m and |Y,,| =| Y|, then determine Y,, and R« RU{Y,,}.

6. Generate R. 0O

As an example, consider the family of arcs of Fig. 6. Since ¢, =6, Z is determined
as {a,, a,, a;} at Step 1. Then, Step 2 finds ec(Y;) =17, |Y,|=3; ec(Y,) =17, | Y, =3;
and ec(Y3)=19, |Y;|=3. At Step 4, Y, is not added to R since |Y,|=|Y;|=3 and
ec(Y;) = ec(Y>). On the other hand, Y, is added to R since ec(Y,) < ec(Y3). Similarly,
Y; is added to R at Step 5. While Y, is uniquely determined as {a,, a4, a;}, Y3 may
be chosen from two candidates, {as, as, as} and {as, a¢, as}. Therefore, the resultant
essential DMIAF set is either {{a,, a4, a;}, {as, as, as}} or {{a,, a,, a;}, {as, ae, as}}.

In what follows, we describe an efficient implementation of Procedure FIND-EDS.

For each arc a;€ Sr, let NEXT (a;) be defined as an arc a, such that h, =
Min {h;|a; € S¢ and h; > t;} if {a; € Sg|h; > t;} # O, and otherwise defined as “null.” For
example, for the family of arcs of Fig. 6, NEXT (a,)=a4, NEXT(a,)=a,,
NEXT (a;) = as, NEXT (a,)=a,, NEXT (as)=as, NEXT (as)=as, NEXT (a,)=
“null,” and NEXT (a3) = “null.”

For each arc a;e€ Sg, let N; be defined as {a;,=a;a,, "', a,} such that
NEXT (a;) = a;,, for j=1,2,---,k—1 and NEXT (a;) =“null.” Then we have the
following lemma.

LeEMMA 11. For each arc a;€ Z, N, is an IAF of Sg. Furthermore, |Y;|=|N;| and
ec(Y;) = ec(N,).

Proof. 1t is clear from the definitions that N; is an IAF of Sg. Suppose that
N;={a,=a;, a;,, - -, a,} with h; <h,<---<h, and Y,={a;=a;,a;, " -, a;} with
hiy<h;;<---<h;. By definition, Y; is a largest IAF for a;, and hence j = k. Since no
arc in Sg contains any other arc in Sr, we can show that h,=h; and t; =1, for
p=1,2,- -,k by an easy induction proof on the value of p. Thus, ¢, =t;;, and hence
ec(N;) = ec(Y;). Since NEXT (a;,) =“null,” NEXT (a;;) =“null.” This implies that
k=], that is, | N;|=|Y;]. This further implies from the definition of Y; that ec(N;)=
ec(Y;). Therefore, ec(N;)=ec(Y;). O
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For each arc a; € Sg, NEXT (a;) can be determined as follows. We first create an
empty set P, and then start visiting the endpoints of the arcs of S in ascending order
of their coordinates. Suppose we find the head of some arc g;. If P is empty, we do
nothing. On the other hand, if P is not empty, we set NEXT (a;) to g; for each element
a, in P and then delete all such elements from P. If we find the tail of some arc g;
which is not the last endpoint, we add a; to P. If the tail is the last endpoint, we set
NEXT (ax) to “null” for each element a, in PU{q;}. Since the coordinates of the
endpoints of the arcs in Sg are distinct integers between 1 and 2n, this procedure
requires O(n) time and space.

We now define a digraph Hg as follows:

Hg=(Wg, Ag), where
WF = {Wilai € SF} and
Ar ={(w;»> w))|NEXT (a;) = a;}.

As an example, Fig. 7 illustrates the graph Hy which corresponds to the family of arcs
of Fig. 6.

1 2 33
)
Y4 Wsﬁ Y6
Wy W

Fi1G. 7. The graph Hp for the family of arcs of Fig. 6.

Since the outdegree of each vertex in Hg is at most one, |Ag| <|Sg|. Thus, we
have the following lemma.

LEMMA 12. The construction of Hp with the aforementioned computation of
NEXT (-) requires O(n) time and space. O

The next lemma is obvious from the definition of Hp.

LemMA 13. Hp has the following properties.

(i) For each vertex w; with outdegree 0, |N;|=1 and ec(N;)=1t,.

(ii) For each edge (w;> w;) in Ag, |N;)|=|N;|+1 and ec(N;) = ec(N;).

(iii) For each arc a;e Z, the maximal directed path in H starting from w;
corresponds to N;. 0O

According to Lemma 13 (i) and (ii), one can easily determine | N;| and ec(N;) for
all arcs a; € Sg in O(|Sg|) time. From Lemma 11, for each arc a;€ Z, | Y;|=|N;| and
ec(Y;) = ec(N;). Therefore, the following lemma is obtained from Lemma 12.

LeEmMMA 14. Step 2 of Procedure FIND-EDS requires O(n) time and space. [

Steps 4 and 5 of Procedure FIND-EDS can be performed based on Lemma 11
and Lemma 13 (iii). Each time we find an integer i for which the conditions of Step
4 (i) or Step S are satisfied, we can determine Y; by finding a maximal directed path
in Hp starting from w;. Therefore, Steps 4 and 5 can be executed in O(|Z|+ L, . | Yi])
time, where R is the essential DMIAF set which is obtained at the termination of the
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procedure. Since ¥, g | Yi| =[Sk| from Corollary 1, the following theorem is obtained
from Lemma 14.

THEOREM 7. An essential DMIAF set for Si. can be formed in O(n) time and with
O(n) space. O

4.3. Determination of an MIAF of S. Suppose that an essential DMIAF set for
Sk, Re={X,, X5, - - -, Xi} has been obtained. For each arc g; € S, let NEXT (a;) be
defined as X; such that sc(X;)=Min{sc(X,)X,€Rr and sc(X,)>¢} if {X,e
Rr|sc(X,) >t} # O, and otherwise defined as “null.” Then, the following theorem
holds.

THEOREM 8. Suppose that there exist an arc a;€ S and a DMIAF, X; € Rg such
that t; < sc(X;) and ec(X;) <h;. Then, t;<sc(NEXT (q;)) and ec(NEXT (a;)) <h,.

Proof. Assume that X, NEXT (aq;). From the definition of NEXT (q;), ¢ <
sc(NEXT (a;)) < sc(X;). Therefore, ec(NEXT (a;)) < ec(X;) from Lemma 4, and hence
ec(NEXT (a;))<h;. O

By a procedure similar to the one for computing NEXT (-) for the arcs in Sy, one
can determine NEXT (a;) for all arcs a;€ Sp in O(n) time. In this case, after the
creation of an empty set P, we visit the tails of the arcs in Sz and the heads of
the starting arcs of the DMIAF’s in Rp in ascending order of their coordinates
until the last head is visited. The other part of the procedure is almost the same as
that of the previous one.

After finding NEXT () for all arcs in Sp, according to Theorem 8, we can easily
find, in O(|Ss]|) time, an arc g;€ Sy and a DMIAF, X, € Ry such that #; <sc(X;) and
ec(X;) < h; if they exist. If such an arc and a DMIAF do not exist, any DMIAF in Rg
is an MIAF of S. Thus, we have the following theorem.

THEOREM 9. Suppose that an essential DMIAF set for Sy has been obtained. Then,
an MIAF of S can be obtained in O(n) time and with O(n) space. [

4.4. Time and space complexities of the algorithm. We now show the following
two theorems.

THEOREM 10. The time and space complexities of Algorithm FIND-MIAF each are
O(n).

Proof. 1t is clear from Theorems 4, 7 and 9. [

THEOREM 11. Given a family S of n arcs on a circle, a maximum independent set
of its corresponding circular-arc graph Gg can be found in O(n-log n) time and with
O(n) space. These complexities are optimal to within a constant factor.

Proof. As mentioned before, one can construct a canonical family of arcs S’ such
that Gs = Gy in O(n - log n) time and with O(n) space. The application of Algorithm
FIND-MIAF to the resultant family of arcs S’ requires O(n) time and space due to
Theorem 10. Therefore, we can find a maximum independent set of Gs in O(n - log n)
time and with O(n) space.

Every interval graph is a circular-arc graph. Furthermore, it is known that it
requires {(n - log n) time in the worst case to find a maximum independent set of an
interval graph when the graph is given in the form of a family of n intervals [7].
Therefore, our algorithm is time- and space-optimal to within a constant factor. [

5. Conclusion. In this paper, we have presented an optimal algorithm for finding
a maximum independent set of a circular-arc graph. When the graph is given in the
form of a family of n arcs on a circle, our algorithm runs in O(n - log n) time and
with O(n) space. Moreover, it requires only O(n) time if the endpoints of the arcs
are already sorted, in other words, if the order of their appearances on the circle is
known.
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It does not seem that our algorithm can be extended to the problem of finding a
maximum weight independent set when each vertex is assigned a weight. It is interesting
to develop an optimal algorithm for such a problem.
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ON THE COMPLEXITY OF COVERING VERTICES BY FACES IN A PLANAR
GRAPH*

DANIEL BIENSTOCK?t AND CLYDE L. MONMAT

Abstract. The pair (G, D) consisting of a planar graph G = (V, E) with n vertices together with a subset
of d special vertices D < V is called k-planar if there is an embedding of G in the plane so that at most k
faces of G are required to cover all of the vertices in D. Checking 1-planarity can be done in linear-time
since it reduces to a problem of checking planarity of a related graph. We present an algorithm which given
a graph G and a value k either determines that G is not k-planar or generates an appropriate embedding
and associated minimum cover in O(c*n) time, where c is a constant. Hence, the algorithm runs in linear
time for any fixed k. The fact that the time required by the algorithm grows exponentially in k is to be
expected since we also show that for arbitrary k, the associated decision problem is strongly NP-complete,
even when the planar graph has essentially a unique planar embedding, d = 8(n), and all facial cycles have
bounded length. These results provide a polynomial-time recognition algorithm for special cases of Steiner
tree problems in graphs which are solvable in polynomial time.

Key words. complexity, planar graphs, Steiner trees
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1. Introduction. Recently, there has been a great deal of interest in solving the
Steiner tree problem in graphs. This problem is NP-complete even for planar grid
graphs [GJ1]. (See [GJ2] for an excellent introduction to the area of computational
complexity.) So recent work has centered on efficiently-solvable special cases and
heuristic methods; see [Wi] for a survey of work on this problem.

Throughout this paper we deal with undirected graphs of the form G=(V, E),
where V is a set of n vertices and E is a set of edges connecting pairs of vertices. A
graph is called planar if it can be embedded in the plane. A graph G = (V, E) together
with d special vertices D< V is called k-planar if there is a planar embedding of G
so that at most k faces of G are required to cover all of the vertices in D. Clearly, a
planar graph is the same as an n-planar graph. The planarity number of G is the
minimum k such that G is k-planar.

A recent paper by [EMV] presents an algorithm which solves the Steiner problem
in an arbitrary graph; their algorithm runs in polynomial time for k-planar graphs,
for any fixed k, with D being the vertices required to be in the Steiner tree. It is easy
to see that checking 1-planarity of G = (V, E) with special vertices D < V is equivalent
to testing the planarity of the associated graph G*=(V*, E¥*), where V*= VU {0}
and E*=E U{(o, v): ve D}, and so can be done in linear time [HT2]. They leave as
an open question the complexity of testing k-planarity for fixed k=2.

In § 2, we present an algorithm which checks to see if a given (G, D) pair is
k-planar given a fixed embedding of G and if so, determines the planarity number of
G in O(c*n) time, when c is a constant. This is used in § 3 to generate an appropriate
embedding of G and a cover of D by k or fewer faces, if possible, in O(c*n) time.
Hence, the algorithm runs in linear time for any fixed k. The fact that the time required
grows exponentially in k is to be expected as we show in § 4 that for arbitrary k, the
associated decision problem is strongly NP-complete, even when the planar graph has

essentially a unique planar embedding, d = 6(n), and all facial cycles have bounded
length.

* Received by the editors September 22, 1986; accepted for publication (in revised form) April 16, 1987.
+ Bell Communications Research, Morristown, New Jersey 07960.
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In § 5, we present an optimization algorithm which finds the minimum number
of faces required to cover all special vertices of a planar graph with a fixed embedding
in 2°¢® time. This exact algorithm is used to obtain a polynomial-time approximation
algorithm which is asymptotically optimal (i.e., the relative error converges to zero),
for the class of graphs we showed to be NP-complete in § 4.

2. Testing k-planarity for a fixed embedding. Consider a fixed embedding of the
graph G =(V, E). In this section we describe an algorithm that tests whether k faces
are sufficient to cover all special vertices of D in this particular embedding and, if so,
whether it determines the planarity number. This algorithm requires O(c*n) time for
some constant c, and is used as a subroutine in our k-planarity testing algorithm for
a variable embedding in the next section. We note that if G is three-vertex connected,
then G has essentially a unique embedding and so the results of this section apply.

Throughout this section, we assume that the embedding of G is fixed. We transform
the problem of covering D with faces into one of covering certain special faces as
follows. We transform each vertex of D into a polygon, that is, if v € D has edges
e, e, " -, e, incident on it, we replace v by a polygon with vertices v, * -+, v,, and
edges (vy, v3), " -+, (Um, v1); such that for 1=i=m, e; becomes incident to v; (if the
degree of v is 2, the polygon is a face of length two). We will refer to the new graph
by G and the set of faces enclosed by the new polygons will be called D.

Let G'=(V', E") denote the dual graph of G The vertices of G’ will be called
points. The set of points of G’ corresponding to D will be called D'. Now our problem
becomes that of testing whether G’ contains a set X of points such that

(i) XND' =g,

(ii) X dominates D',

(iii) |X|=k
If such a set X exists, the corresponding set of faces G will be called a face cover.

Let S denote the subgraph of G’ induced by all points in D’ and all points adjacent
to some point in D’'. Now if S has more than k connected components, then certainly
no set X satisfying (i)-(iii) exists. Hence assume otherwise. We have the following
result.

LeMMA 1. If a set X satisfying (i)-(iii) exists, the diameter of every connected
component of S is at most O(k).

Proof. Aiming for a contradiction, let C be a connected component of S with
diameter larger than 8k+6, and let p=f,, f>, - - -, f; be such a diameter. There are two
cases.

(i) |[pN D’|=z3(k+1). By construction, no point of D’ is adjacent to another
point of D'. Let pN D' ={s,, 51, - * -, 5;} with labeling to reflect the ordering of these
points in p, and set Z ={so, 53, Se, * * * » 831, S3i+1), * - *}- Then at least |Z| points are
needed to dominate Z. But this is a contradiction since |Z|Z3(k+1)/3=k+1.

(ii) |pN D'|<3(k+1). By construction, every point of S— D’ is adjacent to at
least one point of D'. Let p— D'={g,, - * -, g} with labeling to reflect the ordering of
these points in p, and set Y ={go, 85, 810, * * * » &5i» 8si+1)> * * "} For each i, set d; to be
an arbitrary point of D' adjacent to gs;. Clearly, if i # j, then d; # d;. Further, a different
point of S— D' is required to dominate each point d;. But the number of such points
is at least §(8k+7—3k—2)=k+1, again a contradiction. 0

Our algorithms will exploit this bounded dual diameter structure. The computa-
tions take place in the primal graph. Now, if a graph has dual diameter ¢, then every
face is within distance ¢ of an arbitrary face. Algorithm XTND given below will, when
input an embedded planar graph H with n vertices, distinguished subset of faces E,
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and a constant L, test in linear time whether every face of H is within distance L of
the outer face. If so, XTND will compute a minimum face cover of E in time bounded
by 2°“n. In order to motivate XTND, we will describe it in three steps. First we
consider a special type of planar graph called a Halin graph. Next, we analyze the

structure of bounded diameter planar graphs. Finally, we describe XTND in the general
case.

2.1. Halin graphs. An embedded planar graph H is called a Halin graph if its
dual has a dominating set of cardinality one. Assume that the corresponding face of
H is the outer face. Without loss of generality, the outer facial cycle C of H is simple.
For if v is a multiple vertex of C, let e; = (u,, v) and e, = (v, u,) be two consecutive
edges of C. Then we subdivide e, and e, by adding vertices w; and w,, and add the
edge (w;, w,) embedded in the outer face. Clearly the new graph is still Halin. This
type of operation is called a patching. Patchings can also be used to ensure that all
vertices in C have degree two or three. Similarly, if an interior vertex of H has degree
one, we can shrink the corresponding edge. The final graph H' we obtain will be the
union of a cycle C and forest T embedded inside C with all leaves in C. Moreover,
from a face cover problem in H we obtain an equivalent problem in H'. Now we need
some definitions adapted from [CNP].

(1) A level 1 fan of H' is a maximal set of paths p,, p,,- - -, p, with a common
endpoint u ¢ C, which are otherwise disjoint, with opposite endpoint in C, and all
interior vertices of degree 2 in H'. The vertex u will be called the center of the fan.

(2) To define level t fans, for t > 1, we proceed as follows. As above, let p;, - - -, p,,
be a maximal set of paths with common endpoint u ¢ C, otherwise disjoint, and with
degree two interior vertices. Suppose that for 1=i=m, the endpoint of p; different
from u is the center of a level j; fan, with j;=t—1, and that for some i, j; =t —1. Then
the collection of paths and fans is called a level t fan, and u its center. The fan whose
center is the endpoint of p; is called the descendant fan of p;.

(3) If H' is the union of a level 1 fan and C, we say H' is a wheel.

THEOREM 2 (Adapted from [CNP}1). The Halin graph H' has at least one level 1
fan, and this fan can be constructed in linear time. 0

This theorem was used in [CNP] to construct a polynomial-time dynamic program-
ming algorithm for the traveling salesman problem in Halin graphs. We will make a
similar use here towards the face cover problem.

The intuition behind the approach is the following: we can describe the properties
of a fan using a bounded size list. This works because a level 1 fan has only two faces
that share edges with other fans. When constructing the list for a level ¢ fan, we only
need to look separately at the lists for the descendant fans. Thus if F is a level ¢ fan
with m descendant fans, the list for F can be constructed in O(m) time. Altogether
this translates into a linear time algorithm for solving the minimum face cover in H'.
Details are provided next.

If the forest T located inside C is not a tree, we reduce this to the single tree case
as follows. Let e,, e, be consecutive edges incident on vertices of C, that belong to
different trees. Then subdivide e; by introducing a new vertex w;, for i =1, 2 and add
the edge (w;, w,). This new edge, together with the position of e; between w; and C,
i=1,2, and a segment of C, bounds a “new’ face of H'. We make this face forbidden
(that is, we cannot use it towards a cover).

Clearly this procedure does not change the problem and repeatedly applying it
will merge the forest into a single tree. Now if the outer face of H' is in E, then any
internal face of H' will cover it. On the other hand, if the outer face of H' is not in
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E, then it will cover every other face of H’, and this is obviously optimal. Hence we
may assume, without loss of generality, that the outer face is forbidden.

Suppose f is a fan of H' with center u and paths p,, - -, p,, in clockwise order.
For 1=i=m let p; be the continuation of p;; that is, a path of the form p;, p; ending
in C, such that pj is obtained by following the most counterclockwise path out of p,,
and for i>1, p! is obtained by following the most clockwise path out of p,. The
endpoints of p, and p,, in C are called the extremes of f. For 2=i=m, denote by f;
the region bounded by p,, p; and the corresponding section of C; and set E; to be the
subset of faces of E contained in f;. For i =1, f; consists of p, and its descendant fan
f, while E, is the subset of E contained in f. Finally, define I(f, i, a,, a;) to be the
minimum number of internal faces needed to cover E;, with the constraints that:

(1) If a, =0, at least one face of E; that has an edge on p, has not been covered.

(2) If a;=1, (1) does not apply and at least one face with an edge of p, is used
in the cover.

(3) If a,=2, neither (1) nor (2) apply.

(4) Similar considerations apply for a;=0, 1 or 2.

Algorithm XTND takes as input a graph H' and keeps track of an auxiliary graph
A. At the start, A= H'. In general, the vertices of A in its outer facial cycle will
correspond to fans of H'; these vertices will be labeled by the corresponding fans. The
output of Algorithm XTND is M, the minimum number of faces of H' needed to cover

E. It is well known that repeatedly shrinking fans in a Halin graph eventually leads
to a wheel.

ALGORITHM XTND (HALIN CASE).
(1) Find a level 1 fan g in A. Let f be the corresponding fan in H', with center
u, defining paths p,, - - -, p,, and continuations p,, - -, p,,. For 1S i=m, let
h; be the descendant fan of p;, with s; defining paths (if k; is a vertex, set s; = 0).
(a) Set I(f;1, x,y)=1(hy,s,,x,y) for all x, y.
(b) For i> 1, suppose first that the face between p;_, and p; is not in E, and
it is not forbidden. Then, for example,

1(£,i,2,2)=min {min {I(f,i—1,2,x)+1
Xy
+I(hi, Sis Ys 2)}, min {l(.f;i—-l,2’x)+l(hu Sis Vs 2)}}'
x>0,y>0

Similar formulas are used to compute all other parameters I(f, i, -, - ), and
also when the face between p;_, and p; is forbidden, or if it is in E.
(2) If g is a wheel in A, then let x be the face of H' between p,, and p,.

(a) If x¢ D, then M =min {min {I(f, m, x, y)+1}, n(')nin . {I(f, m, x, y)}}.
x,y x>0,y>

(b) If xe E, then M =min {myin {I(f,m,1, y)}, mxin {I(f, m, x, 1)}}.

(c) Stop and output the value of M.
(3) Otherwise, shrink g into a single vertex in the outer face of A, and go to (1).

Algorithm XTND clearly works correctly, and since the workload in finding and
shrinking fans in A is linear in the size of each fan, the total complexity is linear.

Notice that there is a last center r of a fan found in graph A. In fact, it is not
difficult to see that this vertex may be prescribed before running XTND, by choosing
fans with center u # r whenever possible.
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There are two observations concerning the Halin case that will be very useful
later. First, let f be a fan of H' with center u, and consider a set of contiguous faces
of f; that is, a set S of faces of f incident to u that appear consecutively as we travel
around f. Then if we want to force all faces in S to take the same value (that is, all
chosen or rejected), Algorithm XTND given above can still be used, almost verbatim,
to compute a minimum face cover of E. Similar considerations apply if all faces of S
are in E and covering any of them is interpreted as covering all of them. In both cases
we will refer to the set S as a split face.

Second, suppose e, and e, are edges incident to C that appear consecutively as
we travel around it. Then either at some point of the algorithm e, and e, will be part
of consecutive paths in a fan, or they will be part of the first and last paths in the very
last fan (a wheel) considered by the algorithm. In any case, let u be the center of the
fan, and let x be the face of H' bounded by C and the paths containing e, and e,.
Then we can split x by adding arbitrary edges incident to u. By making the set of
additional faces a split face, we obtain an equivalent problem. This new problem is
easily solved by using the same sequence of fans as before. The vertex u will be called
the ancestor of e, and e,. This concludes the analysis of the Halin case.

2.2. Structure of bounded dual diameter graphs. We next investigate the structure
of planar graphs of dual diameter bounded by a certain constant, as it pertains to our
problem. Intuitively, our approach is as follows (this description is slightly incorrect
as we describe later). Given a plane graph of dual diameter at most L, by consecutively
“peeling” away layers of faces at a given distance from the outer face we will reach
a “central” graph after at most L layers. This central graph must be Halin; we use a
version of the algorithm in § 2.1 where we now consider fans that are extended with
gridlike graphs with at most L rows, to solve the minimum face cover.

This description is incorrect in that there may be more than one ‘“‘central” graph,;
as we peel layers the graph may decompose arbitrarily. We deal with this difficulty by
using a special partial order on the components that we encounter recursively, and
proceed essentially as outlined in the previous paragraph. [Ba] introduces a class of
planar graphs called k-outerplanar. If a graph is k-outerplanar its dual diameter is at
least k; both concepts are somewhat related (in turn, the radius r of the graph [RS]
satisfies k —1=r =k and these two parameters are closely related).' [Ba] describes an
algorithm for decomposing k-outerplanar graphs. Our procedure UNWRAP for peeling
a bounded dual diameter graph is reminiscent of the one in [Ba], with some important
differences which are necessary to make our face cover algorithm work.

Let H be an n-vertex plane graph of dual diameter L, with outer facial cycle C.
Procedure UNWRAP proceeds as follows. First, any vertex of degree two and its two
incident edges can be replaced by a single edge. Also, the patch operation allows us
to assume that C contains no cutvertices. Further, if e is an edge incident to a vertex
of C, we can assume that both endpoints have degree three (using patchings or
expanding the endpoints into polygons, which will later be used as forbidden faces).
Next, we delete C, together with all edges incident to it. Then H will be split into
several connected components, each of which is a union of trees and maximal two-
connected graphs, joined in a treelike manner. If two of the two-connected graphs
share one vertex (a cutvertex) we can use the patch operation to obtain a larger graph.
Assume we carry this out as many times as necessary. The final two-connected graphs

! In polynomial time, one can minimize over all embeddings the radius, the maximum dual distance
to the outer face, and the outerplanarity. However, minimizing the dual diameter is NP-hard [BM].
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will be called the height-1 islands (see Fig. 1). Clearly, if X is such an island, the
distance from an internal face of X to the outer face of X is at most L— 1. Finally, it
is not difficult to see that a vertex in the outer face of X may be assumed to be adjacent
to at most one vertex not in X. Now we can recursively use UNWRAP with each
height-1 island to obtain height-2 islands. The procedure will terminate with at most
L —1 recursive calls. The top islands found (all of height at most L —1) will be Halin
graphs. The set of islands constitutes a partial order, which is constructed by UNWRAP
in time O(n). Having peeled away all of the layers we put them back together while
preserving the modifications that were introduced (i.e., all of the subdivisions and new
edges). It is in this graph H*; rather than H, that we apply XTND, after a few more
modifications described in the next section.

2.3. General case of XTND. We need one more piece of notation. The edges
joining the outer face of a height-i island I to the outer face of the height-(i —1) island
enclosing I are called the links of I Notice that if u is an endpoint of a link, then u
has degree at most four, by the construction used. The edges of H* that are not links
are called layer edges. Let R be the maximum dual distance to the outerface.

We first consider the simplest possible case, which we call the concentric case.
This arises when in every call to UNWRAP we discover precisely one island (and no
trees). That is, there is exactly one height-i island for each 1=i= R —1 (see Fig. 2(a)).
Let K denote the height-(R —1) island.

We modify H* as follows, if necessary. Let C* be the outer facial cycle of H*.
Then by subdividing layer edges and introducing some new link edges and edges inside
K, we can assume that every link edge is contained in a (unique) path from C* to the
interior of K, of length R, and similarly, every vertex in the outer facial cycle of K is
contained in such a path. Notice that the new edges will split faces, but all members
of a split face are “consecutive”. For convenience, we still refer to the graph by H*.
H* has O(Rn) vertices. See Fig. 2(b), 2(c).

The final problem we obtain will have split faces, but an extremely simple structure.
This structure allows us to essentially use the same Algorithm XTND given before,
with the fan structure of K driving the computation. The main difference lies in that,
for every fan f of K, we simultaneously consider the entire “grid” of faces stretching
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4
(a) (b)

(c) (d)
FiG. 2

from f to C (see Fig. 2(d)). Such a grid g will have arbitrarily many faces; however,
the “left” and “right” paths of it are incident to at most O(L) faces. The dynamic
programming recursion will consider all possibilities for each such face (whether chosen
or rejected for the cover, and in or not in the set E) in addition to the usual recursion
for the fan f. Clearly there will be at most 2°® possible states. Further, if a face f;,
adjacent to the left path in g, and a face f,, incident to the right path in g, actually
correspond to the same split face, then we need only consider states of the dynamic
program where f; and f, take the same value. It is easy to see that the overall procedure
takes time at most 2°“'n. This ends the description of the concentric case.

The general case is only slightly more complex, but we need to develop a bit more
machinery. We essentially construct a partial order on the various islands, and solve
a sequence of problems moving upwards in the partial order. The last (i.e., topmost)
problem to be solved will be of the concentric type described above.

As before, let H denote the overall graph, with outer facial cycle C. Choose an
arbitrary height-(L — 1) island K, with outer facial cycle C'. Let e, , e, be two consecutive
links joining C' to the height-(L —2) island enclosing K, then as in the concentric case,
by splitting faces we can assume that for i=1, 2, ¢; is contained in a length R—1
simple path from C' to C (notice that the length restriction says that p; does not
unnecessarily cut through islands). Then the wedge of e,, e, is the subgraph of H
bounded by p,, p, and the corresponding segments of C’, C. The wedges of K are
constructed for all consecutive links (see Fig. 3(a), 3(b)).

Proceeding recursively, let W be a wedge of some island; and J be a highest
island enclosed by W, say J of height i. The boundary of W will be made up of two
paths p;, p,, a segment of C and a segment x of at most two layer edges. Notice that
at most one link edge e joins J to x. By face splitting we can guarantee that e exists.
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(C) WEDGES OF Hjp

(a)H
Hz
Hy
Ha
(d) WEDGES OF H3
(b) WEDGES OF Hy (e) WEDGE ORDER

FI1G. 3

Now we construct the wedges of J by including the link edges incident to vertices of
the outer face of J in paths of length i to C, contained in W. The only exception is
the edge e which will define two special wedges called the boundary wedges. This
procedure is repeated recursively until we have computed wedges for all islands; trees
are handled in a similar way (see Figs. 3(c) and 3(d)). Notice that this procedure
constructs a partial order on a subset of islands and trees, with K at the top. We call
this order the wedge order of H (see Fig. 3(e)).

One fact is worth pointing out: through additional face splitting if necessary, for
every wedge W of a height-i island, the number of faces in the two boundary wedges
enclosed by W (if any) is altogether 2i.

Let H* denote the graph resulting from H after applying all the face splittings.
Then H* contains O(Ln) vertices, since each set of face splitting is caused by some
edge or island of H.

Our Algorithm XTND will operate on H* by moving up the wedge order. As
shown previously, E denotes the set of faces to be covered. Let I be an island at the
bottom of the order. I is contained inside some wedge W that belongs to the father
of I in the wedge order. Let I' denote the union of I and all its wedges except for the
two boundary ones. I' has the structure of a Halin graph with a grid glued to part of
its outer face. Then we compute the minimum number of internal faces of I' needed
to cover all faces of E N I'; subject to each possible set of constraints corresponding
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i .W"

Hy

WEDGES l. !

(f) ANALYZE Hjy

(h) REPLACE WEDGE OF Hy CONTAINING Hp
WITH GRID (SHADOWED); ANALYZE

(g) REPLACE WEDGE OF Hp CONTAINING
Ha BY GRID (SHADOWED); ANALYZE Hp

FiG. 3. (Continued.)

to the patterns of the faces in the boundary wedges of I (i.e., whether chosen, left
uncovered or rejected; taking split faces into account, there are 2°) such patterns).
Each of the computations is carried out much as in the case for Halin graphs.

Having carried out these computations, we replace W with a grid of width two,
remove I from the wedge order and proceed. For the general step, we again pick an
island from the bottom of the order and proceed as above. The only difference is that
we may encounter wedges of the island containing width two grids that correspond
to previously analyzed islands. But we have computed all relevant information for
such grids, and it is easy to work this into the dynamic programming recursion. Details
are left to the reader.

To analyze the complexity of the algorithm, notice that the total amount of work
done on each wedge W is at most 2°“)|W|. Hence, the complexity of the overall
algorithm is at most 2°“'n,

3. Testing k-planarity for a variable embedding. In this section, we return to the
original problem of testing whether an n-vertex planar graph G = (V, E) containing a
distinguished subset of vertices D, admits an embedding in which D can be covered
with k or fewer faces.
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If G is three-connected, then we use Algorithm XTND of § 2, after expanding D
into polygons. We show later how to reduce the one-connected case to that of
two-connectivity. In what follows, we will therefore assume G is two-connected.

The basic approach consists of decomposing G into (roughly) its triconnected
components [HT1]. These components are then inductively assembled into G, using
dynamic programming. Next we will give some definitions.

(1) A block of G is a connected subgraph H of G with two distinguished vertices
u, and u, with the property that either G = H, or all paths from H —{u,, u,} to G— H
must pass through u, and u,. The vertices u, and u, will be called the extremes of H.
Notice that since G is two-connected, then in any embedding of G, u, and u, will be
in a common face.

(2) Let H be a block of G with extremes u; and u,. Let xyzw be a binary vector
of length four. Define F(H, xyzw) to be the minimum number of internal faces of H
needed to cover all vertices of D in H, taken over all embeddings of H with u, and
u, in the outer face, with the following constraints:

(i) If x=y =1 then there exist vertices v; and v, in D\ H with v, # v, and
v; # u; for all i, j, that are not covered by the chosen internal faces of H, and
such that v, is in one path from u, to u, in the outer face of H, and v, in
the other (in an optimal embedding that attains F(H, 11zw)).

(ii) If x+y=1, exactly one of the paths from u, to u, in the outer face of H

contains an uncovered vertex ve D H, with v# u,, u,.
(iii) If x =y =0, then all vertices of DN H, with the possible exception of u; or
u,, are covered.

(iv) If z=0 (resp., 1), then u, € D is (resp., is not) covered.

(v) If w=0 (resp., 1), then u,e D is (resp., is not) covered.

(If, u, 2 D, then we always set z =0; similarly for u,2 D. An embedding that attains
F(H, xyzw) will be denoted by E(H, xyzw).)

Notice that if in an optimal embedding of G, we use E(H, xyzw) to embed H,
where x+y=1 and z+w=1, then any face of G— H used to cover the uncovered
vertices of H different from u, and u, will also cover u, and u,. Hence, for x+y=1,
we reset F(H, xy00) =min,, F(H, xyzw). Therefore, the only 4-vectors we need to
keep track of are (0000), (1000), (1100), (0010), (0001) and (0011).

Every planar graph admits a recursive decomposition into blocks. This decomposi-
tion can be represented by a rooted tree, where each vertex corresponding to some
block of G, with the root representing G, and the leaves (essentially) correspond to
the triconnected components of G. For each block appearing in the tree, one of three
canonical ways of decomposing it occurs: a “Series” Case, a ““Parallel” Case and a
“Messy” Case. Our Algorithm DYN for testing k-planarity proceeds upwards from
the leaves in the decomposition tree by computing the F parameters. Once a block B
has been analyzed, it is replaced in its parent by a small (bounded size) gadget (and
we keep track of the F parameters of B to compute those of its parent).

In order to simplify the description, we will present together Algorithm DYN and
the recursive decomposition structure. Further, the algorithm will be described recur-
sively (i.e., proceeding from the root down). The complexity is analyzed later.

Now suppose {uf, u¥} is an arbitrary cutset of G. Then in any embedding of G,
u* and u¥ will be in at least one common face, without loss of generality, the outer
face of G. Then testing k-planarity of G is achieved by regarding G as a block with
extremes uf and u¥, and computing

min {F(G, 0000), 1+ min {F(G, xyzw): x+y+z+w=1}}.
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ALGORITHM DYN.

Input: a block H with extremes u,, u,

Output:  all quantities F(H, xyzw)

There are three cases.

(1) Series Case. H has a cutvertex v. Then v#u;, i=1,2, and we write H=
H,U H,, where u;€ H;, i=1,2, and H, N H,=v (see Fig. 4(a)). It is easy to compute
the F parameters for H in constant time from those of H,, H,. Refer to Appendix
A(1) for details.

(2) Parallel Case. Fix z and w. H is two-connected and {u,, u,} is a cutset of H.
Write H=U, H;, where H; N\ H, ={u,, u,} for each j#k, and each H; is a block
with extremes {u;, u,} (see Fig. 4(b)).

Intuitively, we proceed as follows. Suppose we select two blocks to act as “leftmost™
and “‘rightmost.” In Appendix A(2) we show that it is possible to select either a “best”
embedding for each of the remaining “‘internal” blocks, or else a simple tie situation
may arise. In either case we are allowed to essentially ignore the detailed structure of
the internal blocks, and there is an efficient (linear time) procedure to pair them up
and obtain an optimal embedding (permutation and rotations of the internal blocks).
Further, we are always able to select a “best” leftmost and rightmost block. The overall
procedure runs in time linear in m. Details are provided in Appendix A(2).

P
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(3) Messy Case. Cases (1) and (2) do not apply (see Fig. 4(c.1)). Then either (i)
there is a cutset {v, w}(# {u,, u,}) of H, or (ii) H is three connected. In the latter case,
we can apply the results of § 2 (by using forbidden faces, if necessary). So assume (i)
occurs.
Now for every cutset {v, w} of H we can define the main block of {v, w} as the
union of all connected components of H —{v, w} not containing u, or u,, together
with {v, w}, if any such components exist. Now if for all cutsets {v, w} the main block
is empty, it is easy to see that H has a unique embedding with {u,, u,} restricted to
lie in the outer face, and therefore we are essentially in alternative (ii). Otherwise, the
main blocks can be ordered by inclusion; call those at the top the maximal main blocks
(see Fig. 4(c.2)), or m.m.b.’s for short. If we replace every m.m.b. by an edge, the
resulting graph H' has a unique embedding with {u,, u,} restricted to lie in the outer
face (Fig. 4(c.3)).
Our strategy is to analyze each m.m.b. W recursively first. Next we replace W by
an appropriate small gadget, attached to the rest of H by the extremes of W. We want
the gadget to “retain” all the relevant properties of W, while having essentially a
unique embedding (it will turn out that either we can find a “best” embedding for W,
or there are a few ties; the gadgets we use will take care of either case). In this manner,
we will reduce the problem on H to one where the embedding has been prescribed,
and we can use the results of § 2. In summary, the approach is as follows:
(a) Analyze every m.m.b.
(b) For every m.m.b. W, compute its best embedding(s) and replace W with a
small gadget. We will keep track of a weight corresponding to W that describes
the cost of “internal” faces of W.

(c) Compute each parameter F for the resulting graph FI, and to each, add the
sum of the weights of the m.m.b.’s to obtain the F parameters of H.

Details are provided in Appendix A(3). The overall complexity of this case will
be, at most, 2°|A|.

This concludes the description of Algorithm DYN. An efficient implementation
of DYN would first compute the block decomposition. This is accomplished by using
the algorithm in [HT1] to decompose a graph into its “split components”. This
algorithm is easily modified to output the decomposition tree in linear time, with each
block labeled series, parallel or messy (in the messy case the decomposition is into
m.m.b.’s). If v is a vertex of the tree that represents a block W, at v we store the graph
W' resulting from W by replacing each of its children with an edge. The overall space
required is linear. Finally, we “force” the original extremes u¥, uf chosen for G to
lie in the outer face by adding at the start the edge (u¥, u¥) if necessary.

Having computed the decomposition, we proceed upwards with DYN. If W’ is
the graph stored at some vertex of the tree, the work involved in analyzing W’ (when
we reach it) is O(|W’|) in the series and parallel cases, and at most 2°*|W'| in the
messy case. Thus we conclude as follows.

LeMMmA 3. The complexity of testing whether G is k-planar with DYN is at most
O(c*n), where c is independent of n. 0

Next we pass to the one-connected case.

A one-connected graph G is the union of bricks; that is, edges or 2-connected
subgraphs that intersect at cutvertices only. G will have a “treelike” structure; namely,
if a path leaves a brick B through a cutvertex v, the only way the path can return to
B is by crossing v again. Now suppose G =(V, E) has connectivity one; let v be an
arbitrary cutvertex, and write G =U[L, G;, where G;N\ G, = v, for all j # k, and each
G, —v is nonempty and connected. Let D;= DN G..
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If ve D, then v will be covered by some face f. Now we can always embed every
G; simultaneously so that f is a face of it without requiring more than the minimum
number of faces to cover all of D. Thus, if

k= planarity number of G

and

I@,- = planarity number of G;, for i=0, - -+, m (where we cover D,),

then
k=3 k=(m-1),

and the problem decomposes with v in each D;.

Now suppose v £ D. By not including v in D, we can compute Igi and use Y 13,~
as the number of faces to cover D. If we use D, ={v}U D; instead of D, for a given
graph G;, we might increase the planarity number of G; by 1. However, if we add v
to D and compute the planarity number of G as before, we might actually decrease
the number of faces required to cover D because the graphs G; will be able to share
the additional face. Hence, if we try both possibilities (i.e., whether or not to add v
to D), and decompose into a problem for each G;, we will certainly solve the original
problem. However, this may create too much work if a brick of G contains too many
cutvertices. Instead we will use an approach inspired by the next lemma.

LEMMA 4.

Iei,l = planarity number of G; to cover D;.

ki» = planarity number of G; to cover D,
Then .

(a) If, for at least one i=1, 12,.,2 =k;,, then it is optimal to add v to D.

(b) If, foralliz=1, /2,.,2= l€,~,1+ 1, then it is optimal not to add v to D.

Proof. The proof is clear. [

Notice that G, is not considered in the lemma.

Next we proceed as follows. Let G be a graph whose k-planarity we want to test;
exactly one brick B of G has been painted red. Let v € B be a cutvertex of G. If ve D,
then proceed as outlined above. If v & D, then (as previously) we form the graphs G;,
so that B is contained in G,, and we paint red the brick of G; for i =1, that contains
v. Next, we solve, in each G; for i =1, the two problems to cover D;, and to cover D;;
we then use Lemma 4 to decide whether or not to add v to D. Notice that each graph
G; contains exactly one red brick. Clearly, repeating this procedure will eventually
reduce the problem in G to at most two separate problems in each brick. Thus the
complexity is again linear.

4. NP-completeness for arbitrary k. In this section we show that the problem of
determining whether a (G, D) pair is k-planar or not is strongly NP-complete when
k is variable. Hence, it is unlikely that a polynomial-time algorithm exists for recognizing
a k-planar graph for arbitrary k.

In order to do this, we define the following decision problem which we call FACE
COVER: “Given a planar graph G =(V, E) together with a subset of vertices D< V
and an integer K, can G be embedded in the plane so that at most K faces are required
to cover all of the vertices in D?” We will show that FACE COVER is strongly
NP-complete even when G is three-connected and so has essentially a unique planar
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embedding, when d = 6(n), and when all of the faces of G have bounded length. A
graph G is 3-connected if the removal of any two vertices of G leaves the rest of G
connected. It is well known [Wh] that a 3-connected planar graph has an embedding
which is essentially unique; i.e., all embedding have the same facial structure and differ
only in which face is the outer face.

The reduction will be from VERTEX COVER: “Given a graph G=(V, E) and
integer L, is there a subset of vertices W< V with |W|= L, such that for every edge
(u,v)e E at least one of u or v belongs to W?” VERTEX COVER is strongly
NP-complete for cubic planar graphs [GJS].

THeEOREM 5. FACE COVER is strongly NP-complete even when G is 3-connected,
d = 60(n), and all faces of G have bounded length.

Proof. Consider an instance of VERTEX COVER given by a cubic planar graph

=(V, E) and integer K, where G has no loops or parallel edges and every edge is
contained in exactly two faces. This problem is known to be strongly NP-complete
[GIS]).

We obtain an instance of FACE COVER by setting K =L and G =(V, E) being
the planar dual of G, i.e., place a vertex ve V in every face f, of G, and an edge
(u, v) € E if faces f, and f,, of G share an edge. Subd1v1de each edge (u, v)e E by
adding a vertex x(u, v) and denote the new graph by G=(V,E). Let D be the set of
vertices x(u, v) for (u, v) € E. Given the particular embeddings of G and G there is
clearly a one-to-one correspondence between vertices in D and edges of G, and
similarly, between faces of G and vemces of G. Thus, there is a one-to-one corre-
spondence between a face cover of (G D) and a vertex cover of G of the same
cardinality.

In general, G might have other planar embeddings where a face cover in this new
embedding of G does not correspond to any vertex cover in G. To remedy this, we
form the graph G*=(V*, E¥) from G by adding, inside each face of G, edges to form
a cycle containing all vertices of D in that face, and embed the cycle inside the face.
It is easy to see that the face cover problem on G* is equivalent to the face cover
problem in G. We will show that G* is 3-connected and so this embedding is essentially
unique [Wh] which will complete the proof. To see that G* is three-connected, notice
that in G, all facial cycles consist of precisely three edges. However, these cycles may
not be simple (i.e., triangles) if G has bridges. Nevertheless, in G* all facial cycles
have length three and are simple, in other words G* is triangulated and, thus,
three-connected, since G* is a simple graph.

Finally, note that | D| equals the number of edges of G, which is 6(n). O

(Note: An alternative proof of NP-completeness for the case D = V appears in
[FHS].)

S. An exact and an approximate algorithm for fixed embeddings. Consider the
variation of FACE COVER in which we are forced to use a given embedding. That
is, FIXED EMBEDDING FACE COVER (FEFC): “Given an embedded planar graph
G =(V, E), an integer k, and a subset D < V, can D be covered with at most k faces?”
Clearly FEFC is NP-complete.

In this section we will present:

(a) A set of transformations for FEFC that allow us to assume that d = 6(n),

while not increasing the maximum facial length.

(b) An exact algorithm for FEFC that runs in time 2°V™.

(c) A polynomial-time approximation algorithm for FEFC that is asymptotically

optimal if G has bounded length facial cycles, as is the case in our NP-
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completeness proof. (Our basic approach is similar to that of [LT] in that we
use the planar separator theorem.)

The following set of transformations can be visualized as simplifying the problem.
Their main objective is to allow us to assume that d = 8(n) without increasing the
facial cycle length and preserving the value of the optimal solution. These transforma-
tions are crucial for the proof of Theorem 6 presented later.

(1) Every vertex of V— D of degree one is shrunk into its neighbor.

(2) Every facial cycle of length two (resp. one) is shrunk into a single edge (resp.
vertex).

(3) In every face g with at most one vertex in D, all vertices in V — D are shrunk
into a single vertex.

(4) Every vertex vin V — D of degree two, adjacent to vertices u and w, is deleted,
and edges (u, v) and (v, w) are replaced by the edge (u, w).

(5) Any two vertices of V— D that are adjacent are shrunk into a single vertex.

(6) For every loop e = (v, v) such that (say) the subgraph contained in the interior
of e has an outer facial cycle consisting of v and vertices of V— D only, e is deleted.

(7) If avertex ve D is contained in a unique face of f, then f must appear in any
cover; hence, we delete v, and remove from D all members in f.

This concludes the list of transformations. Clearly, Transformations (1)-(7) can be
applied until no longer possible, in polynomial time, to obtain an equivalent problem.

Theorem 6 given below places a lower bound on the size of D in a loop-free
graph where none of Transformations (1)-(7) can be applied. However, if we apply
(1)-(7) to a graph G, the resulting graph G’ may contain loops. In order to count
vertices of D in G', we modify it as follows:

(a) Every loop (v, v) with ve D or v adjacent to at least three vertices of D is

deleted.

(b) Otherwise, let e = (v, v) be a loop, and let x be the only neighbor of v in the
interior of e, with x € D. Now, (7) or (2) cannot be applied; hence, the interior
of e contains vertices other than x. But there must be at least one such vertex
w e D such that (w, v) can be added while preserving planarity; this is true
because of (a), and the fact that neither (3) nor (6) can be applied. In that
case, (w, v) is added. Now v has three neighbors in D.

It is easy to verify that after applying (a) and (b) to G’, the resulting graph G”

is such that none of the transformations (1)-(7) can be applied, and that G” is loop-free.

THEOREM 6. Let G=(V, E) be a loop-free planar graph with a fixed embedding,
where |V|=n and |D|= d, and suppose that none of the Transformations (1)-(7) can be
applied. Then d =(n+4)/3.

Proof. Notice that every vertex of V— D has degree at least three and is only
adjacent to vertices of D. Suppose that G contains a pair of parallel edges e = (u, v) = €,
with say, ve V — D. Then the interior region bounded by e and e’ must contain a vertex
we D with w# u such that either v and w are adjacent, or the edge (v, w) can be
added to the embedding (in which case we do so). Similar considerations apply to the
exterior of e'.

Now, delete all edges with both endpoints in D, let C be an arbitrary connected
component with 7 vertices and d elements of D. Clearly, C has no facial cycles of
length one or two. The latter follows because if e =(u, v) =e’ are a pair of parallel
edges with ue D, ve V— D, then there exist vertices w;, w,€ D adjacent to v, and
located in the interior and exterior of é’; this is guaranteed by the previous paragraph.

Consequently, the number of & of edges of C satisfies €=37A—6. On the other
hand, if f denotes the number of faces of C, f =}, ., fi, Where f is the number of
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faces of length k. SAince C is bipartite, f3 =0. Thus, é=3Y, kfk =2 Zkg‘,fk = 2f.
Moreover, é=3(7 —d), since for each vertex of C not in D, we count at least three
edges. Hence,

é=37A-x where6=x=3d.

By Euler’s formula,

A A 3A"
f=2n—x+2= 1 x’
2
or
A+4=x=3d,
ie.,
dz242
3 3

which concludes the proof. 0

We note that the bound in Theorem 6 is best possible.

We now present an exact algorithm for finding the minimum number of faces
required to cover all special vertices of a planar graph given a fixed embedding in
2°U™ time. As in Theorem 7, we may take d = 8(n) by the application of appropriate
transformations in the embedded graph. Let G=(V, E), D< V, d =|D|, and n=|V]
be the input. The algorithm proceeds as follows:

(1) Let S bean O(vn)-separator of G. Write G = G, U G,, where G, G,= G(S),

the subgraph of G induced by S. Let D; be the subset of S contained in G;.

Write G;=(V,, E;), and embed G; as it appears in G.

(2) A face f of G that contains vertices of G,~ S and of G,—S will be called a

boundary face. Ideally, we would like to proceed independently with G, and

G,. However, these two graphs interact on the boundary faces. Thus, we

modify G, (and similarly, G,) so that the boundary face structure is *“pre-

served” in a “legal” way. This is attained in two steps.

(i) For every boundary face f, we replace each path of f that intersects V; at
its endpoints with an edge. The resulting graph contains a face f, that
corresponds to f; we call f; an inherited face. Select an arbitrary added
edge (u, v) of f, and subdivide it by introducing a grey vertex w(f). Carry
out this transformation for all boundary faces of G,; call the resulting
graph Gji.

Now we are essentially ready to proceed independently with graph Gj.

The idea is to use the grey vertices to force boundary faces to be used in a

cover: if f is such a face and we change the color of w(f) from grey to black,

this should force us to use f. However, there is a problem. G, may have several
connected components and the removal of each component could introduce

in G a (possibly large) new face that does not correspond to any face of G.

We call such a face a gap face. Each gap face is made up of edges added in

(i). We handle this problem as follows.

(ii) In each gap face subdivide every edge by introducing a new white vertex.

Connect all such vertices consecutively as we travel around the face with
red edges. Call the resulting graph G,. Similarly, define G,.
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(3) Write §=snND. Next, for every partition S= §1 Us, with §,nS,= &, and
every subset X of grey vertices, we color X black, the remaining grey vertices
white, and solve the following two face cover problems.

(a) In G,, cover (D,—S)U Sl U X, with minimum value kl(Sl, X)
(b) In Gz, cover (D2 S)U 52U X, with minimum value kz(Sz, X); set
(81, S5, X)=ky(8,, X)+ky(S,, X) —| Y], where Y is the set of inherited
faces used 1n bpth covers. Then the minimum cover of D has value
mins?,,s?z,x f(Sl’ SZ’ X)
The proof of correctness of the algorithm proceeds as follows.

(1) Consider any face cover of D in G. Then an arbitrary subset of the boundary
faces will be used, and if any vertex of SN D is not covered by a boundary
face, then it is either covered by a face of G, that contains no vertices of
G,— S (an internal face of G,), or it is covered by a face of G, that has no
vertices of G,— S (an internal face of G,).

(2) Consider any of the problems on graph él, with §1 and X as above. Then,
without loss of generality, none of the faces containing red edges is ever used
in an optimal solution, since the black vertices that any such face may cover
are also covered by an inherited or an internal face. Thus, all vertices of X
are covered by inherited faces; and all vertices of §1 are either covered by
inherited faces, or by faces of G, that are copies of internal faces of G,
(similarly for Gz) Consequently, for each Sl, 52 and X, we can take the two
optimal solutions on G1 and Gz, respectively, and obtain a face cover of D
in G of cardinality precisely f (.§, s §2, X).

(3) Finally, consider an arbitrary face cover F of D in G. Let F; be the set of
internal faces of G; used in F for i=1, 2. Let Z be the set of boundary faces
used in F. Notice that |F|= |F1UZ|+|F2UZ| |Z|. Also, set S, is the set of
vertices of S D covered by internal faces of G,, and Sz =(SND)- Sl Let
X (Z)be the set of grey vertices of G1 contained in those inherited faces
corresponding to Z. Then k; (8, X(2))=|F,UZ| for i=1,2, and thus,
|k ?Sl , X(Z))+ky($,, X(Z)) = |F|+|Z| which implies thatf(Sl, S,,X(2)=
F|.

This concludes the proof of the correctness of the algorithm.

To derive the complexity of the algorithm, the number of edges and vertices added
to each graph G; to obtain G is O(|S)). Consequently, G; has at most 3n+0(\/_ )
vertices. Furthermore, the total number of triples (Sl, Sz, X) is at most 2°05, As a
result, if T(n) is the worst-case complexity of the algorithm, we have T(n)=
20(‘/_}T(3n + 0(v/n)); from which T(n)=2°"" is straightforward.

The approximation algorithm is somewhat similar to the exact algorithm, with
the exception that we will use planar separators that produce “equal” size subgraphs.
Let G=(V, E) be the input with D< V. Let S be a “50/50” separator of G. Write
G =G, U G,, where each G, =(V,, E;) is defined as in the exact algorithm. Next, add
edges to each G; to obtain the inherited faces, and call the resulting graph G;. Notice
that the faces of G, correspond to the internal faces of G,, boundary faces, and also
(possibly) to a third type of face that corresponds to connected components of G,.
(The vertices on these faces are all contained in S.) Proceed similarly with G,. Set
D;=(DN V;)—S. Now, suppose we solve the following problems with i =1, 2:

(*) In G;, cover D;; let the optimum cover have size k;.

Now, by taking the union of the optimum covers we can obtain a cover of D in
G by adding at most |S| faces. Hence, if we denote by k the size of an optimum cover
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of D in G, we have k=k,+ E2+|S|. On the other hand, given a cover F for G we can
obtain a cover for G, and one for G, by restricting F appropriately. Hence, |F|=
k+k,— O(|S]), or |k— &, + &, = O(S|) = O(/n).

Qur algorithm will not solve the problems on G, exactly. Rather, we keep
subdividing each graph and modifying the resulting subgraphs until we obtain (on
each branch of the recursion) graphs of size O(log® n). We solve these problems using
the exact algorithm, and by piecing together their solutions, we will obtain a face cover
of D in G. It is not difficult to verify that the problems produced at the ith recursive
step have at most O(n2~") vertices. Hence, the total number of recursive levels is at
most T =log n—2loglog n+ O(1). Consequently, the total error is, up to a constant,

at most
LI n T/2 n
Y2 ==0Hn2"")=0 .
i=0 2 logn

Hence, if G has bounded length facial cycles, and since d = 6(n), the relative error
of our approximation algorithm is O(1/log n).

To estimate the complexity of this procedure, notice that the number of problems
to be solved exactly is O(27) = O(n/log n), and each such problem takes time at most
20Wiog™m) . O The total number of vertices in the recursion tree is also O(27), and
we conclude that the algorithm runs in polynomial time.

6. Concluding remarks. We have shown that checking k-planarity of graph G with
n vertices D < V can be done in linear time for any fixed k. This provides an efficient
recognition algorithm for this class of graphs for which the Steiner tree problem can
be solved in polynomial time [EMV]. We have also shown that if k is not fixed, the
associated decision problem is NP-Complete even if G has essentially a unique
embedding, d = 8(n), and all facial cycles have bounded length. We obtain a poly-
nomial-time algorithm for this latter case which is asymptotically optimal.

We note that the work of Robertson and Seymour on Wagner’s conjecture could
be used to check k-planarity for any fixed k in O(n*) time [Se]. However, their
algorithm would not provide an embedding and covering as our algorithm does. It
might be possible to specialize their result to our problem. We leave this as an open
problem.

Appendix A—The three cases of DYN.
(1) Series Case. The formulas for this case are: Fix z and w. Then

F(H, 00zw) = min {F(Hl, 0020) +min { F(H,, 00tw)}, min {F(H,, 00z1)}

+ F(H,, 000w)}.
Similarly,
F(H, 10zw) = min {mi'n {F(H,x'y'zw'): x'+y' =1}

+min {F(H,, x"y"z"w): x"+y"=1},
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l’r}j}l {F(H,,x'y'zw'): x'+y'=1}
+mz§,n {F(H,,x"y"z"w): x"+y" =1},
min{F(H,,x'y'z1): x'+y'=1}
+min {F(H,, x"y"1w): x"+y"= 1}}.

All other parameters are computed analogously.

(2) Parallel Case. Fix z and w. Suppose we choose two candidates H; and H, as
the “left” and “right” blocks in E(H, xyzw), where, for example, we would use
embeddings E(H,, xbzw) and E(H,, b,yzw) for some b;, b,€{0, 1}. Subject to this
specific choice (i.e., I, r, b; and b,), we show how to compute the best embedding of
H. Now suppose k # I, . Which embedding should be used for H,? Now, if z+w=1,
we must always use E(H,, x'y'00) for some x’, y’ (and also, b;=b,=0). Assume
z=w=0.

(a) If F(H,,0100)= F(H,,0000)—1, then E(H,,0100) is preferred over
E(H,, 0000); if the reverse inequality holds, then the opposite choice is
preferred.

(b) E(H,0100) and E(H,, 1100) are compared in a similar way.

(¢) If F(H,, 1100)= F(H,,0000)—-2 then E(H,,1100) is preferred; if
F(H,, 0000) = F(H,, 1100) then E(H,, 0000) is preferred. The only possible
tie occurs precisely when F(H,, 0000)= F(H,, 1100)+1. We will represent
the better embedding, in this case, by E(H,, **00).

Running through all cases (a)-(c) yields the best embedding for H,, with a possible
tie between (0000) and (1100). We still have to decide how to permute the H,’s, and
how to rotate each individual H,. This is done as follows. Assume first that no ties
occurred, and for each H, with k# [ r, we create a binary vector of two entries
corresponding to the best embedding, together with an additional vector (b;, b,), where
b, and b, specify the status of the inside face of H; and H,, respectively. Now we have
to order these vectors cyclically and rotate them so that the total number of consecutive
vectors (a, B) followed by (y,A) with B+y=1 is minimum. For example, if the
vectors are (0, 0)(0,1)(0,1)(0,0)(0,1)(0,1)(1,1)(1,1), the best ordering is
(0, 1)(1, 0)(0, 0)(0, 0)(0, 1)(1,1)(1, 1)(1, 0) of value 4. In general, is it easy to see that
an optimal arrangement is obtained by putting all (1,1)’s in a string; if there is at least
one (0, 1) put it at one end of the string; if there is another, put it at the other end;
next pair up all remaining (0, 1)’s (at most one will not be paired up), and pair up all
(0,0)’s. Let n; equal the number of (i, j)’s; the value will be

n n
nll+1+[—ol]_l=nll+[ﬂ] ifn01>0,
2 2
ny+1 ifng =0, nge>0,
ny if Roy =n00=0.
Now, if a tie occurred in at least one Hy, i.e., n,, >0, using a (1, 1) embedding

increases the n,; count by one but saves one internal face. Therefore, we either make
all (*,*)’s into (1,1)’s, or we make all of them into (0, 0)’s. That is, if n,,>0 and
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no1>0 or ng>0, then make all (*,*)’s into (0,0)’s, and if ng, = ngo=0, then make
them all into (1,1)’s.

In this way, we compute the value m(b,, b,) of an optimal arrangement to account
for faces between the H,’s. Let f(b,, b,) be the number of internal faces used by each
H; in the optimal embedding. Thus,

F(H, xy00) = rrlurn {rgibn JiF(H,, xb,00)+ F(H,, b,y00) + k; fx(by, b,)+m(b,, b,)}}.

The above procedure can be implemented easily in a quadratic amount of work.
We next sketch how to improve on it so that the F(-) parameters are obtained in
linear time. Assume that we want to compute F(H, xy00) (the general case is simpler),
and fix b, and b, (there are four cases), without yet fixing H, or H,. We first consider
the case where there are no ties in any of the blocks. Then the quantity m(b,, b,) is
well defined. We can also select a “best” block to act as a left end, namely, select k
such that

F(H,, xb,00) - fi.(b,, b,)

is minimized, where we use the notation given above. Similarly, we can choose a “best”
right block. It is not difficult to show that these blocks should indeed occupy the ends.

We now pass to the case of ties. If either

(i) bj+b,=1, or

(ii) ng,+ngo is 0 or at least 3,

Then the ties will always be resolved, and we proceed as in the previous paragraph.
Otherwise, we also try all possible ways of using, as end blocks, the (at most two)
blocks whose best embedding is of type 01 or 00. This only adds a constant number
of additional cases. Hence, this case can indeed be computed in linear time.

(3) Messy Case. Assume we have computed the m.m.b.’s. Let W be an m.m.b.,

with extremes v, w; we want to describe the behavior of W with a small gadget.

Suppose W is an interior m.m.b.; that is, the extremes of W are contained in the

interior of H'. We can compare the possible embeddings of W as follows:

(a) For fixed z and w, we compare each pair (xyzw) and (x'y'zw) precisely as in
case (2) of DYN. For example, if F(W, 1000) = F(W, 1100), then E( W, 1000)
is preferred over E(W, 1100) (and if the inequalities are reversed, otherwise).
Recall that we have a tie between E( W, 0000) and E (W, 1100) if F( W, 0000) =
1+ F(W, 1100).

(b) If F(W, 1000) = F(W, 00zw) with z+w =1, then E(W, 00zw) is preferred over
E (W, 1000). The reason for this is that if in an optimal embedding of H we
use E(W,1000), we can instead use E(W, 00zw) and keep everything else
fixed to obtain a feasible embedding that must also be optimal.

(c) If F(W,0000)=< F(W,0011) then E(W, 0000) is preferred; if F(W, 0011)+1=
F(W, 0000) then E(W, 0011) is preferred.

(d) If F(W,1100)+2 = F(W, 0011) then E(W, 1100) is preferred; if F(W, 0011) =
F(W,1100) then E(W,0011) is preferred, with a tie if F(W,1100)+1=
F(W,0011).

(e) In a similar way, we compare E(W, 1100) with E(W, 00zw) where z+w=1,
with a tie if F(W, 1100)+1= F(W, 00zw). We may even have a three way tie
between E(W, 1100), E(W, 0010) and E(W, 0001).

Now suppose we are able to select a best embedding E(W, x*y*z*w*); that is,

there are no ties for best. Then we replace W with the appropriate graph in Table 1
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TABLE 1
Replacement graphs with no ties.

(0000)

i

w

v

(1000) I
w

v

(4100) @
w

(00114) IV
w

(0040) I"
w
v

(0001) i
w

(where black vertices represent vertices of D). Let A be the new graph. It is easy to
prove that F(H, xyzw)+ F(W, x*y*z*w*) = F(H, xyzw). Thus, we solve the problem
on H first and then add the weight F(W, x*y*z*w*).

By induction, we can replace any set of interior m.m.b.’s (with no ties for best
embedding) whenever they have no common extremes. If, on the other hand, say
Wi, - -+, Wi have a common extreme v € D, then: (i) if the best embedding for each
W, prescribes that v not be covered, then leave v uncovered in each replacement
graph, and (ii) if, in at least one W, the best embedding covers v, then use the same
replacement for each W,, except that v is removed from D.

A few complications arise if a particular interior m.m.b. W has ties for best
embeddings. The list of all possible ties is given here:

(T1) F(W, 0000) = F(W, 1100)+1,

(T2) F(W,0011) = F(W, 1100)+1,

(T3) F(W,1100)+1= F(W, 0010),

(T4) F(W,1100)+1= F(W, 0001),

(TS) F(W,1100)+1 = F(W, 0010) = F(W, 0001),

(Te) F(W, 0010) = F(W, 0001).
Table 2 contains the replacement graph to be used for each tie, together with the
appropriate weight to be added after solving. It is not difficult to verify that these are
all correct; here we will do so for the most complicated case (T2). Let H be obtained

from H by replacing W with the corresponding graph in case (T2). Now in any optimal
embedding E(H, xyzw), at least one internal face of the replacement graph will be
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TABLE 2
Replacement graphs with ties.

CASE GRAPH WEIGHT
v

T .<Z>o F (W, 1100)
w
v

T2 -@- F (W, 1100) =1
w
v

T3 -@. F (W, 4100) -1
w
v

T4 -@) F (W, 1100) -1
w
v

TS -@- F(W,1400)
w

T6 O VEW F(W,0010)

NOTICE THAT ALL WEIGHTS ARE NONNEGATIVE

used. It is easy to see that, without loss of generality, it is either the face containing
v and w (but none of the other faces), or the two other faces (but not the one containing
v and w). Given our choice for the weight, F(W, 1100) — 1, this gives the correct result.

Thus, we can replace interior m.m.b.’s with small graphs, with the small caveat
concerning extremes that are common to several m.m.b.’s as given before. Noninterior
m.m.b.’s are dealt with similarly:

(i) Suppose we want to compute F(H, 0000); then we replace every m.m.b. using
the above rules.

(ii) Suppose we are trying to compute F(H,00zw) where z+w=1; say,
F(H, 0010) (i.e., u, is not covered). Then we proceed exactly as in (i), except that now
if an m.m.b. W contains u,; as an extreme, we use the best embedding for W of the
form E(W, xylw), and all faces of the resulting graph H that are incident on u, are
rejected. (There is a small wrinkle if there is an m.m.b. W, with extremes u, and
v, ve D, and such that v is an extreme of only one other m.m.b., W,. In this case we
may have to force v to be covered by W, or W,. Since there are at most two vertices
such as v, this yields only four or fewer problems.)

In cases (i) and (ii), we use Algorithm XTND in the resulting graph H after the
replacement. If XTND finds a cover of cardinality k or less, then we add the sum of
the weights of the replacement graphs to the cardinality of a minimum cover of H. If,
on the other hand, XTND finds that H has no covers of cardinality k or less, then
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the corresponding embedding E(H, 0000) or E(H, 0010) should not be considered.
(Similarly with F(H, 0001) and F(H, 0011).)

(iii) The final case occurs for F(H, xyzw) where x+z = 1; say, we want to com-
pute F(H, 10zw). We proceed in two stages. Let p, and p, be the two paths from u,
to u, in the outer face of H'. Then we obtain H as for computing F(H, 00zw), and
we remove from D all vertices in the segment of the outer face of A corresponding
to p,. We then apply XTND to this graph, add the weights of the replacement graphs
to the returned cardinality, and denote the obtained quantity by m(p,). Similarly
compute m(p,). Then m(H, z, w) =min (m(p,), m(p,)) is the minimum number of
faces needed to cover DN H (with the exception of u, and u, as indicated by z and
w) where we do not require that we cover one of the segments of the outer face.

Now if m(H, z, w) < F(H, 00zw), then we are done; set m(H, z, w) = F(H, 10zw).
If m(H, z, w) = F(H, 00zw), then we proceed to the second stage. Let W be an arbitrary
m.m.b. whose corresponding edge in H' is contained in p or p’. Let H(W) be the
graph obtained from H by replacing W with the best embedding of the form
E(W, 1y00), and all other m.m.b’s replaced with graphs as for cases (i) and (ii).

Notice that the replacement graph for W will contain a vertex of D in the outer
face of H (W) (see Table 1); call this vertex w’, and set f( W) to be the min cardinality
of face cover of DN H (W), with all faces incident to w' rejected plus weight of
replacement graphs. Then miny, f( W) finds the best embedding of H that does not
cover at least one vertex (which is not an extreme of an m.m.b.) in the outer face. In
a similar way, we compute all quantities g(v), where ve D is extreme of an m.m.b.
in the outer face of H' that we want not to cover. Then min {miny, f( W), min, g(v)}
is the quantity F(H, 1000) we seek.

There is one shortcut that we can take to improve the algorithm above. Suppose
there are at least k possible graphs W for which F(W, 1y00) = k that can be used to
compute miny f(W). Now, the fact that we have reached Stage 2 implies that
F(H, 10zw) = F(H, 00zw). However, any internal face of H can cover at most one of
the vertices of D counted above; otherwise, H' would contain a cutset of two vertices
in one of the segments p, and p,, which is impossible. Therefore, F(H, 00zw) > k, and
we can avoid Stage 2 altogether. Similar considerations apply towards computing
min, g(v). Consequently, we can assume that each of the minimums in Stage 2 at most
has O(k) arguments.
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FAST SIMULATION OF TURING MACHINES BY
RANDOM ACCESS MACHINES*

JYRKI KATAJAINENTY, JAN VAN LEEUWEN} AND MARTTI PENTTONENT

Abstract. We prove that a T(n) time-bounded, S(n) space-bounded and U(n) output-length-bounded
Turing machine can be simulated in O(T(n)+(n+ U(n)) loglog S(n)) time by a random access machine
(with no multiplication or division instructions) under the logarithmic cost criterion.

Key words. Turing machine, random access machine, simulation, computational complexity

1. Introduction. In the theory of computation one uses both the Turing Machine
(TM) and the Random Access Machine (RAM) as standard models of effective
computing (see e.g., [1]). Whereas the models are vastly different in detail, it is well
known that the machines are “equivalent” in computational strength. More precisely,
one can show that the machines are polynomially related in the sense of computational
complexity theory (see [1, § 1.7] or [2]): a TM can simulate a RAM in O(T(n)?) time
and a RAM can simulate a TM in O(T(n) log T(n)) time, where T(n) is the time
complexity of the simulated machine and RAMs are assumed to use the so-called
logarithmic cost criterion. In the result, RAMs are assumed without explicit *“‘single”
multiplication or division instructions in their instruction set. Slot and van Emde Boas
[15] have shown that TMs and RAMs can simulate one another within only a constant
factor of extra space.

When we speak of the simulation of one machine by another, we require that on
the same input the latter machine produce the same output as the former one. In
general, the simulating machine passes through an analogous computation, but it may
also contain some auxiliary computations intermixed. These auxiliary steps are, of
course, included in the complexity of the simulating machine.

Several studies have attempted to refine or lower the simulation costs between the
two models, especially for the case of simulating RAMs by TMs (see e.g., Wiedermann
[16] for some recent results). In this paper we consider the efficient simulation of TMs
by RAMs. Let T(n) denote the time complexity, S(n) the space complexity and U(n)
an upperbound on the length of the longest output on inputs of length n. The following
results are known.

Tueorem A (Folklore, see e.g., [1, §1.7]). A TM can be simulated in
O(T(n)log S(n)) time by a RAM (with no multiplication or division instructions) under
the logarithmic cost criterion.

THEOREM B (Paul [11, §3.3]). A TM can be simulated in O(T(n)+nlogn+
U(n) log T(n)) time by a RAM (with no multiplication or division instructions) under
the logarithmic cost criterion.

Theorem B shows that TMs can be simulated by RAMs with no essential time-loss
provided T(n)=n-logn and U(n)= T(n)/log T(n). Note, however, that [11, § 3.3]
assumes stronger RAMs with shift instructions, that is (multiplication and) division
by 2. Related results are also found in literature: Dymond and Tompa [4] proved that
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a TM can be simulated in time v T(n) by a parallel RAM. Hopcroft, Paul and Valiant
[7] simulate a TM in time T(n)/log T(n) by a unit-cost RAM. Robson [13] speeds
up a TM computation by a probabilistic RAM.

In this paper we improve Theorem A to Theorem C as follows.

TueoreM C. A TM can be simulated in O(T(n) loglog S(n)) time by a RAM
(with no multiplication or division instructions) under the logarithmic cost criterion.

We also can improve Theorem B to Theorem D as follows.

THEOREM D. A TM can be simulated in O(T(n)+(n+ U(n)) loglog S(n)) time
by a RAM (with no multiplication, division or shift instructions) under the logarithmic
cost criterion.

This is, indeed, an improvement of Theorem B because in the case logn <
loglog S(n), T(n) is the dominating term. This theorem improves also Theorem C,
because T(n)=n and T(n)= U(n). None of the results assume that T(n), S(n) or
U(n) are constructible.

As an example of the use of Theorem C we mention the following corollary.

CoroLLARY E. Any linear time TM can be simulated in O(n log log n) logarithmic
time by a RAM (with no multiplication or division instructions).

It follows that e.g. the reversal of a string of n inputs can be output by a RAM
in O(n loglog n) units of logarithmic time. We can apply the above corollary also to
the string-matching problem, where the task is to find all occurrences of a given pattern
of length m from the text of length n, m = n. The string-matching can be done in O(n)
time on a TM as shown by Fischer and Paterson [5] (see also [6]), and therefore in
O(nloglog n) units of logarithmic time on a RAM.

In language acceptance the size of the output is constant. Hence, by Theorem D
we also have

CoroLLARY F. Any language accepted by a T(n) time-bounded, S(n) space-
bounded TM can be accepted in O(T(n)+ nloglog S(n)) time on a RAM.

The paper is organized as follows. In § 2 we recapitulate some basic definitions.
In § 3 we prove Theorem C and Theorem D. Finally, in § 4 we discuss how these
improvements were achieved and how the results could probably be improved further.

2. Machine models. We define TMs and RAMs such that they appear as instances
of the same abstract model, following the guidelines of [14]. The machines have very
similar input, output and control structures, but differ in the structure and the use of
the memory. The definition of TMs and RAMs is included to fix the particular
instruction sets.

2.1. Turing machines. We describe the “‘parts” of a Turing machine without much
formal notation. We assume that the input, output and work-tape alphabet is {0, 1}
and refer to the individual symbols as bits. A (multitape) TM consists of the following
parts (compare [1, § 1.6]):

(i) a one-way read-only input tape, containing a bit string followed by an
endmarker #.
(ii) a one-way write-only output tape, where a bit string will be written.

(iii) k two-way read-write work-tapes (‘‘memory”’), containing bits in successive
memory cells. The tapes are two-way infinite. On each tape there is a separate read-write
head that can be activated for reading, writing or moving one tape-cell to the left or
to the right.

(iv) a TM program, which is a finite sequence of labelled or unlabelled instructions
from a fixed instruction set (see below). No two instructions should carry the same label.

The instruction set of a TM contains eight instruction types:
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(1) input Ay, Ay, A, causes a “next” input symbol a to be read, and the input
head moves one cell to the right (except on #). Depending on whether « is 0, 1 or
4, control is transferred to the instruction with label Ay, Ay, A .

(2) output B: causes a bit 8 to be output, and the output head moves one cell to
the right.

(3) jump A: transfers control to the instruction with label A.

(4) halt: halts the program.

(5) head i: activates the read-write head on the ith work-tape (1=i=k). Only
one read-write head will be active at a time.

(6) write B: causes a bit B to be written in the tape-cell designated by the active
read-write head.

(7) branch Ag, A,: causes the bit B to be read from the tape-cell designated by
the active head. Depending on whether B is 0 or 1 control is transferred to the instruction
with label A, or A;.

(8) move 6 (with 8 € {L, R}): moves the active read-write head one cell to the left
or to the right depending on whether § is L or R.

We assume that initially all work-tapes contain 0 in every cell, and that head 1 is
active. The computation starts from the first instruction and thereafter the instructions
of a program are executed in their successive order unless a jump instruction orders
otherwise.

The time complexity T(n) of a TM is the largest number of instructions executed
in halting computations on inputs of length n. The space complexity S(n) is the largest
number of cells occupied on any work-tape in halting computations on inputs of length
n. The output complexity U(n) is the length of the longest output produced in halting
computations on inputs of length n.

Because a TM with a two-way infinite tape can be simulated by a TM with a
one-way infinite tape in real time (see e.g.,[8, § 7.5]),we shall assume that the work-tapes
of a TM are one-way infinite, say infinite to the right. Initially all read-write heads are
positioned on the leftmost cell of their work-tape. By the standard construction used
in the above simulation [8, § 7.5], we can further assume that a read-write head is
never moved off the left end of the work-tape. (Thus the computation is stopped by
a halt instruction, not by the fall of a read-write head.) Although in the construction
the tape alphabet is enlarged, it is straightforward to return into the binary alphabet
(see also [8, § 7.8]).

2.2. Random access machines. In describing the random access machine, we only
emphasize the parts that are different from those of a TM. Parts (i) and (ii) are very
similar for a RAM but instead of (iii) one has the following set-up (compare[1, § 1.2]):

(iii") a special register called the accumulator (AC) and a countable sequence of
ordinary registers (‘““‘memory”’) indexed by the nonnegative integers (used as addresses).
Each register can hold an arbitrary nonnegative integer in binary notation. Only data
stored in the AC can be operated upon.

A RAM program is defined as in (iv), but the instruction set of a RAM differs
from the instruction set of a TM. In instructions, the contents of register j are denoted
by (j). The instruction set of a RAM contains twelve instruction types:

(1')-(4'): similar to the instructions (1)-(4) of a TM.

(5') jzero A: transfers control to the instruction with label A if (AC)=0, and
continues to next instruction otherwise.

(6') load =j: loads the integer j into AC.

(7') load j: loads (j) into AC.
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(8') load *j: loads ((j)) into AC (“indirect addressing’’).
(9') store j: stores (AC) into register j.

(10’) store *j: stores (AC) into register (j).

(11') add j: adds (j) to the current value in AC.

(12') sub j: subtracts (j) from the current value in AC. In order to keep the

contents of the AC nonnegative, we assume that subtraction is proper, i.e.,
the result is 0 whenever (AC) = (j).

We assume that all registers, including the AC, initially contain 0. Memory need
not be used contiguously.

We do not simply count the number of instructions executed in a RAM program
but use the so-called logarithmic cost criterion: the “time” charged for an instruction
is equal to the sum of the sizes (in bits) of the integers (addresses and data) involved
in its execution. Note that the size of a positive integer m is [log (m+1)]~log m, and
the size of zero is 1. The time complexity T(n) of a RAM is the largest amount of time,
measured according to the logarithmic cost criterion, used in halting computations on
inputs of length n. See Slot and van Emde Boas [15] for notions of space complexity
for RAMs.

It will be convenient to use various extensions to the basic RAM instruction set,
provided that the execution time is adequately measured by the logarithmic cost
criterion. By using subtractions and a trick introduced in [13, pp. 495-496], one can
easily show that this is the case for comparison instructions. It should be noted,
however, that the properness of the subtraction operation is not needed anywhere in
the subsequent proofs because we always know which of the two operands is greater.
Also in some algorithms it is convenient to have a RAM with k separate memories (or
arrays as called by Cook and Reckhow [2]), k> 1, each consisting of a countable
sequence of registers indexed 0, 1,2, - - - . We call this a “multimemory” RAM.

LeEMMA 2.2.1. Every T(n) time-bounded multimemory RAM can be simulated in
O(T(n)) time by an ordinary RAM.

Proof. The technique was essentially given in [2]. The idea is simply to interleave
the RAM memories into one, using addresses i+ kj — 1 for register j of the ith memory
(1=i=k, j=0). Those addresses can be computed in O(k log j) time, which multiplies
the time bound by a constant factor. 0O

It is important to state explicitly the basic instruction set of the RAM. However,
for the sake of the readability, we extend it with some Pascal-like control structures
that have obvious translations to the basic RAM instructions.

3. The simulation of a TM by a RAM. Consider a T(n) time-bounded, S(n)
space-bounded TM. The simple idea underlying Theorem A is to represent the cells
of the work-tapes in consecutive registers of a RAM, with additional registers containing
current read-write head positions. Every step of the TM is easily simulated in
O(log S(n)) time on a RAM, assuming the logarithmic cost criterion. In the simulation
underlying Theorem B, a saving in the cost per step is achieved by precomputing in
a table the action of the TM on all blocks of a suitable size. A subcomputation
corresponding to the size of the block reduces to a table look-up.

We will also use blocking to balance the costs of the address and the contents of
a memory location. At first we keep the idea of step-wise simulation. We use blocking
merely to localize the active region of the work-tape during a time-interval. For step-wise
simulation, the active block is swapped to a low-indexed region of the memory in
order to save in the access time under logarithmic cost criterion. (It is interesting to
compare this technique to the swapping of pages to and from disk in paged virtual



FAST SIMULATION OF TMS BY RAMS 81

memory operating systems, see e.g., Deitel [3]. Another analogy is a hardware cache.
The cache idea was also used by Loui in [9].)

A serious problem is determining the optimal block size together with efficient
algorithms for unpacking and packing blocks. A further problem is that T(n) and
S(n) need not be constructible. For simplicity, we denote these values by T and S. In
§ 3.1 we assume that n and S(n) are known at the beginning of the computation, and
determine the optimal block size in this case. In § 3.2 we remove this assumption and
notice that the same time bound holds even though the block size is determined
dynamically during the computation. Ultimately, in § 3.3 we improve the table look-up
method of [11]. Interestingly, the packing and unpacking techniques developed in
§§ 3.1 and 3.2 will now be useful in reading input blocks and writing output blocks.

3.1. The static step-wise simulation using blocked memory. We assume now that n
and S(n) are known in advance. We will begin the basic simulation algorithm together
with the necessary blocking and deblocking algorithms. By the time analysis of this
algorithm we determine the optimal block size. For simplicity, we speak of one TM
tape only; if there are many work-tapes, they are treated analogously, independently.

The basic idea of the simulation is to divide the tape into S/b blocks of b cells.
Hence, b successive cells of the TM are represented by a number (in the range
0,--+,2°—1) in a register of the RAM. By Lemma 2.2.1 we can assume that the RAM
keeps the “‘blocked’ representation of the work-tape in a separate memory. The position
of the tape head of the TM is indicated by an address to the active block (a number
in the range 1, - - -, S/b) together with an address within a block (0, - - -, b—1), both
stored in fixed RAM registers. One simulation cycle, corresponding to b steps of the
TM, consists of accessing the active block with two neighbours, unpacking them to
low-indexed registers, directly simulating the next b steps of the TM, and packing the
updated bits back to the same registers. The neighbouring blocks are taken along in
order to guarantee that in all cases b simulation steps can be taken staying in the
unpacked zone. This unpacked 3b bit zone, kept in a separate memory, is called the
window.

The simulation of the single TM instructions is quite obvious; it is done as in the
proof of Theorem A. It is easy to construct a procedure simulating an instruction of
the TM, updating the contents of the window, the head address and the current
instruction label. Now we can represent the simulation in the form of a RAM program
as follows:

procedure simulate
{Suppose that the block size b is given.}
activeblock:=1
{the first block is active, with empty left neighbour}
head = the first address of the middle block of the window
loop {until a halt instruction in the simulation}
loadwindow(activeblock, b)
for b times do simulate an instruction
storewindow(activeblock, b)
if head moved to neighbour then
update head and activeblock addresses

The procedure loadwindow fetches the contents of the active block and its neighbours
into low-indexed registers, and unpacks the b-bit integers. The procedure storewindow
packs the window blocks, and stores them by overwriting their older copies.
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We shall now attack the problem of packing and unpacking the blocks efficiently.
As our RAM model does not include division or shift instructions, we have to invent
another method for finding the bit representation of a number and vice versa. We will
see that unpacking and packing can be done efficiently with precomputed tables.

As a first attempt one could decode numbers to bit-strings by building a table that
gives the decoding directly. For example the table could contain the b bits of a number
n (<2%) in the registers nb, nb+1,- -+, nb+b—1. A disadvantage of this method is
that, while bits are obtained directly, the access of them may cost O(log n). For this
reason loading a window takes O(b?) time. By a similar analysis as what follows, one
can see that this would give O(TVlog S) simulation algorithm. However, we can do
unpacking and packing in O(b log b) time.

The efficient decoding of a number to its bit representation and vice versa is based
on a divide-and-conquer strategy with precomputed shift tables. We will first build the
necessary tables and then give the unpacking and packing algorithms.

We assume that each table is stored in its own memory. We will need tables Ishift,
rshift, origin and power. By Ishift(i), rshift(i), -+, we denote the contents of the
register i reserved for Ishift, rshift, - - - .

The tables Ishift and rshift in Fig. 1 contain as subtables shift tables for 1-bit
numbers, 2-bit numbers, 4-bit numbers etc. The divide-and-conquer strategy implies
that b-bit numbers are shifted b/2 bits to the right or b bits to the left. The entries of
the tables are numbers rather than bit strings. Thus, for example, the number 75 =
01001011, has the right shift 4=0100, and 4= 0100, has the left shift 64 = 01000000, .
The origin table expresses where subtables begin: The shift tables for 2'-bit numbers
begin at origin(i).

origin:
register 0 1 2 3 4 i
contents 0 6 22 278 22402 2
rshift:
register o 12 3 4 5|6 7 8 21 -+ | origin(i)+j
block size 1 bit 2 bits 4 bits 2/ bits
block value 0 1 0 1 2 0 1 2 15 J
contents 0 0 0 1 1]0 o0 o0 3 jdiv2?™
Ishift:
register 0 12 3 4 51 6 7 8 - 21 | --- | origin(i)+j
block size 1 bit | 2 bits 4 bits 2! bits
block value 0 1 0 1 2 310 1 2 15 j
contents 0 2|0 4 8 1210 16 32 240 j-2*

F1G. 1. The origin, rshift and Ishift tables.

We have to first analyze how much the building of the tables costs.

LEMMA 3.1.1. The tables origin, rshift and Ishift up to block size b (=2*) can be
built in logarithmic time O(b2").

Proof. Assuming that the values origin(i —2) and origin(i—1) are already com-
puted, the following program will compute the ith origin value, i=2.

procedure buildorigin(i) .

= origin(i —1) —origin(i—2) {t= 22'-2}
origin(i) := origin(i —1)
for ¢ times do origin(i) := origin(i)+¢

Clearly, its time complexity is O(22 - 2™"),
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When constructing the ith rshift and Ishift subtables we can use the origin values
fori—1,iand i+1.

procedure buildrshift(i) ‘

j=origin(i); x:=0; t:= origin(i) —origin(i—1) {r:=22""}

for ¢ times do

for t times do rshift(j):=x; j=j+1
x=x+1

procedure build/shift(i) »

j=origin(i); x:=0; t:=origin(i+ 1) —origin(i) {r=2%}

for ¢ times do Ishift(j)=x; j'=j+1;, x:==x+1
The execution of both procedures requires O(2* - 2') time. Thus the tables up to k can
be constructed in time O(X*_,2* - 2')=0(2*-2*)=0(b2%). O

We also need powers of 2 for unpacking numbers to bit strings, and for packing
bit strings to numbers. It is useful to precompute them, too, in the table power.

LEMMA 3.1.2. The table power(i) =2 up to kth power can be built in O(k*) logarith-
mic time.

Proof. A new power can be computed by doubling the previous one by addition.
This method gives the time bound O(k?). 0O

Now we are ready to present the unpacking and packing algorithms.

LeEmMMA 3.1.3. Assuming that the tables Ishift, rshift, origin and power up to the block
size b are available, it is possible to compute the b-bit representation of an integer n <2",
and the numeric value of a b-bit string, both in O(b - log b) time.

Proof. The procedure unpack(n, j, a) unpacks a number n <2 to its 2/-bit rep-
resentation beginning at the ath register of the window. The procedure is as follows:

procedure unpack(n, j, a)

if j =0 then window(a):=n

else n, = rshift(origin(j) + n); n,= n— Ishift(origin(j —1)+n,)

unpack(n,,j—1, a); unpack(n,,j—1, a+power(j—1))
For clarity, we have written the algorithm in recursive form. The recursion can be
eliminated by using one memory as a stack where the second recursive call is stored
while the first is executed. While unpacking a number n <2’ there are never more than
logj calls in the stack. In order to balance access cost it is economical to initiate the
stack at the addresslog b and let it grow downwards. If we denote by ¢(x) the logarithmic
time of unpacking an x-bit number, by analyzing the program we get
t(1)=k,logb,
t(x)=2t(x/2)+k,x+kslogh

which gives t(b) = O(b - log b).

The procedure pack(a, j, n) computeslthe numeric value of the bit string win-
dow(a), window(a+1), - -+, window(a+2’ —1). Also it is written recursively:

procedure pack(a, j, n)

if j =0 then n:=window(a)

else pack(a,j—1, n,); pack(a+power(j—1),j—1, n,)

n = [shift(origin(j —1)+n,) +n,

The recursion is controlled as in unpacking. Also the time analysis is analogous. [

We can now obtain a preliminary version of Theorem C:

THEOREM 3.1.4. Assuming that n and S(n) are known, a T(n) time-bounded, S(n)
space-bounded TM can be simulated in O(T(n) log log S(n)) logarithmic time by a RAM.
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Proof. The total time of the static simulation is bounded by
Tram=b2+T/b(log S+b-logb+b-logb+b-logb+logS)

where b2 is needed for the construction of the tables, T/b is the number of cycles
in the simulation loop, log S is the cost of loading and storing the blocks, b-log b is
the cost of unpacking and packing the blocks of the window, and another b-log b is
needed for the elementary simulation steps. By choosing b=c-log S, c<1, we get
Tram=O(T-loglog S). O

3.2. The dynamization. Until now we have assumed that the space requirement S
of the TM on an input is known in advance, which is not the case. Now we shall
remove this assumption by using the well-known technique (see, e.g., [10]) which
consists of using one space bound while sufficient and increasing it when necessary.
As long as the space bound

SO,SIS‘ ) .,Si=22,“,'. )

is sufficient, the block size by, by, - - -, b, =2, - - -, is used respectively. Every time a

space bound is exceeded, the simulating memory must be reorganized by combining

the blocks pairwise. As the size of the blocks grows also the tables must be grown

accordingly. It is worth noting that, unlike in [11], input head need not be reset and

the computation be restarted from the beginning when the block’s size is increased.
The dynamic simulating algorithm gets the following form.

procedure simulate
activeblock:=1
head = the first address of the middle block of the window
b=1;,S=4
Initialize tables Ishift, rshift, origin and power;
loop {until a halt instruction in the simulation}
while [log (S+1)]=4b do
loadwindow/(activeblock, b)
for b times do
Simulate an instruction
if head on a previously unvisited cell then S:= S+1
storewindow(activeblock, b)
if head moved to neighbour then
update head and activeblock addresses
b=b+b
Combine successive blocks pairwise
Update head and activeblock corresponding to the reorganization
Update Ishift, rshift, origin and power to the new block size

The analysis of the dynamic simulation is basically the same as in the previous section,
but now there is the extra work of reorganizing the memory. In spite of using wrong
block sizes at the beginning, the program still behaves asymptotically fast. Before going
to the time analysis of the program, we prove a small counting lemma, also used in
[2], [12].

LeEmMMA 3.2.1. A binary counter of any event occurring t times during the computation
can be maintained in O(t) time. As a by-product we get easily the length of the binary
representation of the count, which is [log (t+1)].
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Proof. A memory is reserved for the binary representation of the count. For each
bit of the count (without leading zeros), two bits are used. The ith least significant bit
0 or 1 is represented by 00, or 01, in the register i If the actual value of the count is
t,2’7'=t=2’, then 11, in the register j marks the end of the representation.

Each counting step is simulated by a sweep over the representation in the memory,
beginning at the register 0. 01’s are replaced by 00’s, until 00 is met which becomes
01. However, if 11 is met instead of 00, it is replaced by 01 and 11 is stored in the
next register. At any moment, the address of 11 corresponds to the logarithm of the
count, and the registers below it correspond to the bit representation of the count.

The linear time bound is seen as follows. During a count up to t =2/, the length
of the sweep is t/2 times 1, t/4 times 2, t/8 times 3 and so forth. Hence the total
logarithmic time is proportional to

277" 1-logl+:--4+2/ " i-logi+---+1-j-logj=0(t)

as can be seen by the quotient test applied to the infinite series 27'-1-log1+
"'2_i'i'10gi+"'. O

The complexity analysis of the dynamic simulation is basically the same as in the
previous subsection, but we have to take into account the following differences. A
counter must be maintained in order to determine when block size must be increased.
Whenever the block size is increased, the simulating memory must be reorganized by
combining blocks pairwise. This is extra work, following from the fact that nonoptimal
block size was used. Fortunately, the amount of extra work caused by reblockings and
nonoptimal block size proves to be insignificant.

By Lemma 3.2.1, no more than O(S) time is used in the computation of S. The
time needed for the comparison [log (S+1) =4b is O(log b) which is covered by the
O(b-log b) used in the simulation. Whenever the test fails, b is doubled and tables
are updated. Note that by Lemmas 3.1.1 and 3.1.2 the total time needed in the
construction of the tables is O(b2") = O(S), because 2b =log S <4b. Each doubling
of b is followed by reblocking. This is most easily done by the Ishift table in
O((S;/b;) - b;) time. The superexponential growth of the series {S;} implies that all
reblockings can be done in time O(S).

For the final analysis of the simulation, assume that T; steps of the TM are
simulated using block size b;. Hence the total time of the simulation is bounded by
loglog S loglog S

2~ (T:/b;)(log (S;)+b;log b;) = Z T log b;

i=0

loglog$S
=logb Y T,=T-logb=T-loglogs§S.
i=0

Hence, the time bound O(T-loglog S) holds also for the dynamic simulation. We
have proved

THEOREM 3.2.1. A T(n) time-bounded and S(n) space-bounded TM can be simu-
lated in O(T(n)loglog S(n)) time on a RAM without multiplication and division
instructions.

3.3. Simulation with precomputed transition tables. A further improvement in the
simulation is achieved by combining the fast packing and unpacking algorithms of
§ 3.1 with the use of precomputed transition tables as in [7], [11].

As in § 3.1, we shall first assume that the optimal block size is known at the
beginning of the simulation. The computation is speeded up by precomputing in a
table all subcomputations of length b. For this purpose, the work-tape is divided into
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blocks of size b, as in previous constructions. Now, input and output must also be
handled blockwise, because a subcomputation of length b may read b bits and write
b bits.

In the new construction, the simulation itself is simply table look-up and takes,
as we will see, only O(T(n)) logarithmic time. Paul [11] organizes the table as a heap
(like in heapsort) and uses shift operations in the calculation of the pointers. We store
the table as a multidimensional array and calculate the addresses by precomputed shift
tables, avoiding the use of shift operations. For input and output blocking, the packing
and unpacking techniques of § 3.1 are used. We shall see that, if U(n) is the maximum
output length for inputs of length n, O((n+ U(n)) log log S(n)) is sufficient for input
and output, when it is done to and from low addresses, not higher than O(log S(n)).
Hence, the total time of the simulation is O(T(n)+ (n+ U(n)) loglog S(n)).

In order to guarantee that large enough input blocks are always available, and
there is not too frequent need for filling the blocks, we will use an input buffer of
length 2b. It is filled every time when more than half of the bits have been consumed.
The same idea is useful for outputting.

We shall precompute the transition table

tranSit (l, X, 17 P, Uy, Vo, vlaj’ }’) = (i’, l’, P’, vil, U(,)y v,la d,.j,, y,)

where all entries are integers: i, j, p, p' < b; i, j'<2b; x, y, y'<2?"; I I' are program line
numbers; vy, vy <2”; and d = —1, 0, 1. The intuitive meaning of the table is the follow-
ing: If i bits of the contents x of the input buffer have been consumed before, the TM
is at its instruction I, the work-tape head is at the position p of the block v, whose
neighbours are v_, and v,, and there are already j bits of y in the output buffer, then
after b elementary steps of the TM, i'(<2b) bits of x have been consumed, TM is at
line I', the work-tape blocks have changed to v; and the head is at the position p’ of
vy, and there are j' bits of y' in the output buffer. With this notation, we can write the
static simulating algorithm as follows:

procedure simulate

i'=2b—1; j=0 {input and output buffers are empty}

I'=1; activeblock:=1; p:=0;

loop {until the simulation of a halt causes an exit}
if i = b then fill input buffer to a new x with i=0;
for k=-1, 0, 1 do v, = work-tape(activeblock + k)
(i, L, p,v_y,v0,01,4d,j,y)=transit(i,x, |, p, v_,, vy, vy, j, ¥)
for k=-1, 0, 1 do work-tape(activeblock + k) := v,
activeblock = activeblock + d
if j= b then output the j bits of y and make j:=0;

Some points of the program need closer examination.

First, as b successive steps of the TM are composed, the main loop is iterated
T/b times.

If i= b, the input buffer is filled as follows. First the 2b bits of x are unpacked
by Lemma 3.1.3 in time O(b - log b). Then the unused 2b — i bits are moved to positions
0,1, - -, followed by i new bits read from the input tape. This is easily done in
O(b - log b) time. Output is treated analogously.

Loading and storing work-tape blocks obviously takes O(log S) time. The transi-
tion table can easily be linearized to 2*” registers, where k is a constant. By the shift
tables similar to those in § 3.1, additions and subtractions, the address of a table entry
can be computed, and the value can be decoded in O(b) time.
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We observe that input and output take O(log b) time for each bit, and hence
O((n+ U(n)) log b) time in total. The cost of the simulation is of order (T/b)(log S+
b). Hence, by choosing b = O(log S), we see that O((n+ U(n)) loglog S(n)+ T(n))
time is sufficient for simulation.

Finally, we shall show that the table can be built in O(S) time. It can be done in
the obvious way: For each table entry, simulate b steps of the TM and store the result
in a register. The generation of the entries is controlled by nine nested loops, one for
each argument of the table. To compute the value of each table entry, it is first unpacked
to low-indexed registers in time O(b - log b), then b steps of the TM are simulated in
time O(b-logb), and finally the result is packed in time O(b-log b) and stored in
time O(b). Hence, the construction of the table takes O(2** - b log b) time, which is
O(S), if b=c-log S with a constant ¢ <1/k is chosen.

Thus, we have proved Theorem D in the static case. As in § 3.2, the efficiency of
the static construction can be achieved even though the optimal block size is not known
in advance. We let the block size grow in the series by, b;, - - -, b;=2,- - -, when the
space requirement reaches the bounds

_ A2ita
SOaSI""9Si'—2 s,

respectively. In S;, the constant a is chosen such that k <2? The dynamic simulating
program is as follows.

procedure simulate
i=2b-1;j=0
I'=1; activeblock:=1; p:=0;
b:=1; S:=2 {a is a small constant}
Initialize Ishift, rshift, origin, power and transit tables;
loop {until a halt in the simulation}
while [log (S+1)]=2"""'b do
if i= b then fill input buffer;
for k=-1,0,1 do v, := work-tape(activeblock + k)
(i, L, p,v_y, vo, vy, d, j, y) =transit(i, x, |, p, v_,, vy, 1, ], ¥)
Increase S when necessary;
for k=-1,0,1 do work-tape(activeblock + k) := v,
activeblock = activeblock + d
if j= b then flush the output buffer;
b=>b+b;
Combine successive memory blocks pairwise;
Update p and activeblock corresponding to the reorganization;
Update Ishift, rshift, origin and power;
Construct transit for the block size b;

There is very little new in the analysis of the program. During the whole simulation,
O(S) time is used in the construction of the tables Ishift, rshift, origin and power.
Every time when a new transit table is constructed, O(S;) time is spent, hence
Y. S; = O(S) in total.

As the block size never exceeds O(log S), input and output packing, as well as
unpacking, can be done in O(log log S) time per bit, O((n+ U(n)) loglog S(n)) time
in total. As the simulation for each block size is linear, the total simulation is linear, too.

Hence, we have proved

THEOREM 3.3.1. Any T(n) time-bounded, S(n) space-bounded and U(n) output
length-bounded TM can be simulated in O(T(n)+(n+ U(n)) log log S(n)) logarithmic
time by a RAM.
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4. Discussion. We have improved the simulations of TMs by RAMs that can be
found in [1] and [11]. We first improved the strategy of [1] by introducing blocking,
a well-known technique used for speed-ups. Essential in our constructions was how
to pack and unpack blocks efficiently. We did it with a precomputed table. The same
tabulation technique was also used to improve the method of [11]. First, it allowed a
natural look-up method, and second, with it input and output could be done more
efficiently.

It is interesting to observe that in the simulation of Theorem D, faster input and
output would improve the time bound. With a better input/output pattern the simulation
could perhaps be sped up further. Whether such an improvement is possible remains
as an open problem.

Acknowledgments. We are grateful to the referee for remarks and references that
have improved the representation.
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DESIGNING A UNIFORM RANDOM NUMBER GENERATOR WHOSE
SUBSEQUENCES ARE k-DISTRIBUTED*

MASANORI FUSHIMI*

Abstract. A method for designing a uniform random number generator based on M-sequence is
described. It generates a k-distributed sequence {x,; t=0,1,2,- -} such that its decimated sequences
{x,;1=0, 1,2, -} are also k-distributed for several values of n. The sequence is obtained by permuting
the bits in Tausworthe sequence; a suitable permutation is found by solving a special 0-1 integer linear
programme, a set covering problem. The constraint matrix of the programme is obtained by applying a
modified Gaussian elimination to another 0-1 matrix. Two simple heuristic algorithms for the programme
are given and demonstrated to find good approximate solutions to an illustrative example.

Key words. Tausworthe sequence, decimated sequence, k-distribution, set covering problem, heuristic
algorithm

AMS (MOS) subject classification. 65C10, 12C10, 15A03, 90C50

1. Introduction. When one uses a sequence {x,; t=0,1, 2, - - -} of uniform random
numbers, it often happens that numbers are used in batches. For example, in a
simulation dealing with three random variables X, Y and Z, three numbers in the
sequence {x,} may be used at each step in the simulation. In such applications it is
important that not only the original sequence {x,} but also the subsequences consisting
of every third term of {x,} are random. In general, if the simulation requires n random
numbers at a time, the n subsequences {x,.+;; t=0,1,2,---}, 0=i=n—1, must be
random. Since a random number generator may be used for various applications, it is
desirable that the above property hold for various values of n.

Knuth [9, p. 71] says “‘experience with linear congruential sequences has shown
that these derived sequences rarely if ever behave less randomly than the original
sequence, unless n has a large factor in. common with the period length,” although
there is no theoretical proof that this is always the case. Then how about other uniform
number generators? What we shall be concerned with in this paper is the design of
uniform random number generators with the above property based on the maximal-
length linearly recurring sequence modulo 2 (M-sequence for short). In § 2, we will
review some uniform random number generators based on M-sequences. Section 3
will show that our problem can be formulated as a special form of 0-1 integer linear
programme, in fact, a set covering problem, for which approximate solutions can be
obtained quite easily by simple algorithms. We will show in § 4 two such algorithms
as well as the fact that the constraint matrix of the programme can be obtained by
using a modified Gaussian elimination method. The final section will illustrate our
procedure by an example which leads to a uniform random number generator useful
for practical applications.

2. Uniform random number generators based on M-sequence. An M -sequence is
a sequence of 0’s and 1’s generated by a linear recurrence relation

(2.1) a,=c,a,_,tca,_,+ -+ +ca,_, (mod2)
whose characteristic polynomial
f(D)=1+¢,D+¢;D*+ - -+ +¢,D", ¢,=1,

* Received by the editors May 29, 1985; accepted for publication (in revised form) April 17, 1987.
T Department of Mathematical Engineering and Instrumentation Physics, Faculty of Engineering,
University of Tokyo, Bunkyo-ku, Tokyo 113, Japan.
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is primitive over the Galois field GF(2), given any initial values (a,, a,, -, a,) #
(0,0, --,0). {a,} is a periodic sequence with period 2° —1.

Tausworthe [11] proposed to construct a sequence {x,} of [-bit binary numbers
using the M-sequence {a,} as follows:

(22) X = O'aal+1a0t+2 N PR N
where o is a constant which satisfies the following conditions.
(2.3) ozl and gcd(o,2°-1)=1.

Properties of the sequence {x,} so constructed were investigated by Tausworthe himself
and some others [2], [12], [13].

Lewis and Payne [10] proposed to construct an apparently different sequence {y,},
called the GFSR sequence, using the M -sequence generated by the primitive trinomial
f(D)=D*+ D?+1 as follows.

(24) »=0a4a..a5. """ Ai(1-1)7s

where 7 is a “‘judiciously selected” constant. The crucial point of their idea is that the
sequence {y,} can be generated very fast by using the recurrence relation y, = y,_,® y,_,,
where @ means the bitwise addition modulo 2.

Kashiwagi [8] and Fushimi [4] have shown the following equivalence relation
between the class of Tausworthe sequences without the first one of the conditions (2.3)
and that of GFSR sequences dropping the condition that f(D) is a trinomial. The key
point in the following is the notion of “proper decimation” [7] of the M-sequence,
in which ““decimation” means selecting every nth term of the M -sequence, and ““proper”
means that n is relatively prime to the period 2” —1. If {q,} is an M-sequence whose
characteristic polynomial f is of degree p, then a properly decimated sequence {a,,;
t=0,1,2,---}is also an M-sequence whose characteristic polynomial, say f,, is of
degree p. Let n~' denote the inverse of n with respect to the multiplication modulo
2”—1,ie., n-n'=1 (mod 2’ —1). In the following theorem, we use the notation
{x,(f; o)} and {y,(f; 7)} to specify the primitive polynomials and the parameters used
to construct {x,} and {y,}. Finally we write {x,} ={y,} when the two sequences {x,} and
{y.} are equivalent in the sense they are the same sequence except possibly the location
of the starting point.

THEOREM 1. If f is a primitive polynomial of order p, and o and T are relatively
prime to 2° — 1, then the following equivalence relations hold.

{x.(f; o)} ={n(fo; 7N},
{yr(f; T)} = {xl(.f;; 7_1)}'

It follows from the theorem that {x,(f; o)} can also be generated very fast if f,
is a trinomial or a polynomial with few terms; if, for example, f, = D"+ D"+ 1, then
{x.(f; o)} can be generated by the recurrence relation x, = x,_,®x,_,.

Fushimi and Tezuka [5] investigated the k-distribution, i.e., multidimensional
equidistribution, property' of a generalization of the GFSR sequence

-
(25) Vi _O'at+‘rlal+‘rzal+r3 e at+‘r,;

and established a necessary and sufficient condition for the sequence {y;} to be
k-distributed, which is reproduced below in a slightly difterent form.

! The reader who is unfamiliar with the notion of k-distribution and its relation to randomness is
referred to Knuth [9, § 3.5].
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THEOREM 2. {y;} is k-distributed if and only if the kl terms of the basic M-sequence
contained in y,, 0=t=k—1, are linearly independent.

It follows from the theorem that the maximum possible order of equidistribution
for {y.} is

(2.6) m=[p/l],

where [ -] is the greatest integer function, since the maximum number of linearly
independent terms of the M-sequence is p.

It is clear from Theorem 1 and the arguments in [5] that Theorem 2 also holds
for Tausworthe sequence as well as any properly decimated sequence {x,;t=
0,1,2,- - -}, in which case the words “linearly independent”” mean the following. Each
of the ki bits of x,,, 0=t = k—1, can be expressed as a linear combination of the initial
p terms of the basic M-sequence, i.c., in the form e,a,+ea,+ - - - +e,a, (mod 2), by
(repeated, if necessary,) application(s) of the recurrence relation (2.1), and thus the
unique weight vector (e,, e,, ' * -, e,) is associated with each bit of x,,, 0st=k—1.
The phrase “linearly independent” implies that these weight vectors are linearly
independent over GF(2).

At this point we introduce the following notation.

Anj={apnj0=St=m—-1}, 1sj=1,
]

An = U AnJ'
j=1

Thus A,; is the set of the terms of the basic M-sequence which constitute the jth bits
of the first m terms of the decimated sequence {x,,}. In addition we use the symbol
E, to denote the Im xp matrix whose m(j—1)+¢+1st row is the weight vector
associated with a,,.;.

Fushimi [3] considered a generalization {x}} of Tausworthe sequence {x,}, which
is obtained by a rearrangement of the bits of {x,} as follows:

(2.7)

r
xr—O‘am+j(l)ao—r+j(2) C 0 Aorrjl)s

where {j(1), j(2),--,j(])} is a permutation of {1,2, - -, I} independent of ¢ It is
clear that Theorem 2 is also applicable to the sequence {x}} and any properly decimated
sequence of it. We remark that the sequence {x;} can be generated exactly as fast as
the sequence {x,} once the initial values {x,; 0=t=p—1} are given (see the remark
following Theorem 1).

In what follows we also use {x,} and {x}}, and consider which permutation is
appropriate for our purpose. It must be noted that the maximum orders of equidistribu-
tion of {x,} and {x),} are equivalent for any permutation of bits since the number of
linearly independent vectors in a given set of vectors is invariant under any permutation
of the vectors in the set. Then one may naturally raise a question: in what sense can
we improve the sequence {x,,} by considering the rearrangement of bits? The answer
is as follows. If we form the sequences of I-bit (I’ <I) numbers by reading the first /'
bits of the terms in the sequences {x,,} and {x,,}, respectively, then the orders of
equidistribution for these /}-bit sequences may be different. To be more specific, suppose
the sequence {x,} is m-distributed if the terms in the sequence are read to I}-bit
accuracy,” but not m-distributed if read to more than I;-bit accuracy. Then the sequence

2 1n such a case, we will say the sequence is m(l})-distributed.
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{x}:} is considered to be better than {x,,} if the former is m(l5)-distributed for some
15> I}. Thus it is worthwhile to ask for a permutation for which {x},} is m(l')-distributed
with I’ as large as possible.

3. A 0-1 integer programme. Now let N be a set of integers relatively prime to
2P —1, and we require all the decimated sequences {x},}, n€ N, be m(l')-distributed.
There are an immense number of integers which are relatively prime to 27 —1 when p
is large, and there is no obvious way to solve the problem if N consists of all of them.
On the other hand, we usually use the decimated sequences {x},} with relatively small
n’s. Thus it is natural, from practical points of view, to take N as a set of small integers
relatively prime to 27 —1.

Our problem can be stated as follows.

Design problem. Given f, o and I, to find a permutation {j(1), j(2),---,j(I)} of
{1,2,- - -, I} for which the I’ in the following statement is maximum: all the decimated
sequences {x,,}, n€ N, are m(l')-distributed, where m is defined by (2.6).

In order to solve this problem, we must first find minimal linear dependence
relations,’ for each n € N, among the ml terms in A,, or equivalently among the row
vectors of E,, and this can be accomplished, as will be explained in detail in the next
section, by applying Gaussian elimination method to E,. To each minimal linear
dependence relation thus found, we associate an [-dimensional row vector g=
(81,82, -, &) as follows. If the terms in, say, A,;, A.;, -, A,; are linearly
dependent, then g; = g;,= - - - =g;, =1 and all the other components of g are set equal
to 0. Then we form a matrix G whose rows consist of g’s corresponding to all the
minimal dependence relations found for all ne N.

Using G as the coefficient matrix of the constraints, we formulate the following
0-1 integer linear programming problem.

1
3.1) ILP: minimize z,= Y z(j)
1

j=
3.2) subjectto Gz=1, and
3.3) z(j)=0or,1=j=1

Here, z is an I-dimensional column vector whose jth component is z(j), and 1 is the
column vector whose components are all equal to 1.

THEOREM 3. The 0-1 integer linear programming problem ILP is equivalent to the
design problem.

Proof. Let G* be a matrix obtained by applying permutation {j(1),j(2), - -,j(])}
to the columns of G, i.e., the kth column of G* is the j(k)-th column of G, and G§
and G¥ be the submatrices of G* consisting of the first I’ and the last (I—1") columns
of G*, respectively.

We have shown in the previous section that a necessary and sufficient condition
for the sequence {x,,} defined by (2.7) to be m(l')-distributed is that there is no linear
dependence relation among the ml’ terms of the M-sequence contained in the leading
I’ bits of x},,, 0=t =m —1. This is equivalent to the condition that there is at least one
1in every row of G¥ since every row of G or G* represents a minimal linear dependence
relation. The inequality (3.2) is nothing but this condition. Since our objective is to
maximize I, our objective function is (3.1). Q.E.D.

3 A linear dependence relation among a set of vectors is said to be minimal if no proper subset of the
vectors is linearly dependent.
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4. Methods for solving the design problem.

4.1. Algorithms for finding approximate solutions to ILP. The 0-1 integer linear
programming problem ILP we formulated in the previous section is a well-known
problem in combinatorics, i.e., a set covering problem. It is one of NP-hard problems,
i.e., there are no algorithms known at present to find an optimal solution to it with
time complexity of a polynomial order of /, although several algorithms have been
proposed using standard techniques for solving integer linear programmes, e.g., a
branch-and-bound method and a cutting plane method. Approximate solutions to it,
however, may be obtained in a very short time by simple heuristic algorithms. We will
list two of them below.

Let J, be the set of indices j such that z(j) =0. Algorithm P starts with J,=,
when all the inequalities in (3.2) are satisfied but the value of the objective function
z, is maximum, and decreases z, by iteratively including a j in J, in the increasing
order of the column sum of G as long as the constraint (3.2) is satisfied. On the
contrary, Algorithm D starts with Jo={1,2, - - -, [}, when all the inequalities in (3.2)
are violated, and decreases the number of violated inequalities by iteratively excluding
a j from J, until all the inequalities are satisfied. At each iteration, such a j that
decreases the number of violated inequalities most is excluded from J,. Details of
both algorithms are as follows.

ALGORITHM P.

1. Compute the column sum s(j) of G for j=1,2,---,1L

2. Sort s(j)’s in increasing order. Assume we have got s(j,)=s(j,)= - - - =s().
3. Set z(j)=1forj=1,2,---,L Jo« .

4. fori=11toldo

begin

z(ji)=0;

if GZ=1 is violated then z(j;) =1 else Jy« Jyu {j;}
end

ALGORITHM D.

Jo<{1,2,: -+, 1}. Gy« G. k<0.

k<k+1.

Compute the column sum s,(j) of G,_, for each je J,.

Let j* be a maximizer of s,(j) among je J,.

Jo<Jo—{j*}.

Let G, be the matrix consisting of all the row vectors of G,_, whose j*th
component equals 0.

7. If Gy is not empty then go to step 2.

SR

4.2. How to find the constraints. We shall be concerned in this subsection with a
method of obtaining the constraint matrix G in (3.2). As was explained in the previous
section, it is easily constructed once we know all the minimal linear dependence
relations among the row vectors in E, for each ne N, but this problem itself is
nonpolynomial in the number of the rows of E,. We will present below an algorithm
for solving this problem. The algorithm consists of two stages: first, we find some
dependence relations by using a modification of Gaussian elimination method; second,
we generate enough dependence relations to solve the problem by combining the
relations obtained in the first stage. It is to be noted that we do not necessarily generate
all the dependence relations exploiting the special structure of the problem.

Gaussian elimination is basically a method for solving systems of linear equations
by performing a sequence of basic row operations, i.e., a multiplication of a row by
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a constant and an addition of a row to another row, and usually the ‘“‘history” of row
operations is not recorded. In our case, however, where the objective is to find the
linear dependence relations among the rows, the history of row operations is the crucial
information. Here the word ‘“‘history”” means the record of the information which row
was added to which row at each step. (Note that we need not perform a multiplication
because the arithmetics are done on GF(2).) In order to record the history, we introduce
the variables h(i’, i) and set A(i’, i) =1 if the i'th row is added to the ith row at some
step of elimination, and set h(i’, i) =0 otherwise.

Now fix an n € N, and let the ith row of E, be denoted by e{”, 1=i=Im. Linear
dependence relations among the row vectors of E,, if any, are found by the following
procedure, in which e; denotes an I-dimensional row vector whose jth component is e;;.

procedure GAUSS;
begin
fori=1 tolm do e,:=e”;
fori:=1 toIlm do
begin
if e,=0 then DEPENDENCE(i)
else if i <Im then
begin
Jo= the minimum j for which e; =1,
fork:=i+1 to Im do
if ex;,=1 then
begin
e, =e,+e; (mod?2);
h(i, k)=1
end
elseh(i,k):=0
end
end
end

The procedure DEPENDENCE(i) is called when e; =0, which is the case if and

only if the vector e{” is equivalent to some linear combination of the vectors e!”,

et”, -+, el . A method for finding a linear dependence relation among these vectors
shall be illustrated by a simple example. Suppose i =6 and the relevant part of the

history h(i’, i) is as shown in Table 1, which means the following.*
(4.13) e6=e1+e3+e4+e5+eg0),
TABLE 1

An example of the history h(i', i).
i

(R R
(=1
—_-0 = O
_— - O =

“In (4.1) and the following three equations, equality sign is to be understood on GF(2).
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(4.1b) es=e,te,+el,
(4.1¢) e,=e+e,
(4.1d) e;=e +el”,
(4.1¢) e,=e, +el.

Substituting (4.1b) in (4.1a), we get
es=e,+e,+e;+el” +ef”,
which, upon substitution of (4.1d), leads to
es=e,+el+e”+el.

If we substitute (4.1e) in the above expression and use the fact that e, = e'”, we finally
obtain the following linear dependence relation.

0=e,=e”+e +el”+el” +el”.

Thus, in general, a linear dependence relation can be obtained by the following
successive substitution.

procedure DEPENDENCE(i);
begin
di=dy=---=d,_,=0;d;=1;
for j:=1idownto 2 do
if d; #0 then
fori'":=j—1 downto 1 do d;,:=d;+ h(i', j) (mod 2)
end

If dy =d,,= - - - =d; =d;=1 and the other d’s are 0 after the above procedure is
executed, we know that there is a linear dependence relation

(42) eE?) + egg) + 0.+ eg?) + ego) =0.

It is clear, by the property of Gaussian elimination, that the set of vectors
{el”,e?,---,e”} is independent, and that (4.2) is a minimal linear dependence
relation.

There remains a question whether the minimal linear dependence relations found
by the above procedure are all that exist among the row vectors of E,. The answer is
no in general, and the reason is as follows. Suppose there are two minimal linear
dependence relations, (4.2) and (4.3) below.

(4.3) e +el)+ - +el+el)=0.

If {iy, i, -, 0, i}n{ky, ky, - -, ky, k} #, there is a possibility that the linear
dependence relation obtained by adding (4.2) and (4.3) modulo 2 happens to be
minimal, and the similar argument applies when there are more than two linear
dependence relations. Hence we must, in principle, check all the combinations of the
linear dependence relations found by procedure GAUSS in order to find all the linear
dependence relations among the rows of E,, which would be extremely time consuming.
It must be remembered, however, that what we need finally is not the linear dependence
relations among the rows of E,, i.e., among the elements in A,, but the dependence
relations among the columns A,;, A,,, ', A,;. Hereafter we will use the words
“b-dependence” and ““c-dependence” as abbreviations for “linear dependence among
the elements (bits) in A,”” and “linear dependence among the columns’ respectively.
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It often happens, as will be illustrated in the next section, that several b-dependence
relations give rise to the same c-dependence relation, and this observation leads to a
rather efficient procedure for finding all the c-dependence relations, which will be best
illustrated by an example in the next section.

5. An illustrative example. As an example, we take a primitive trinomial f(D) =
D*'+ D*+1, which was also used by many authors, see, e.g., [1]-[3], [5]. The period
of the M-sequence generated by this trinomial, 2°°' —1, is a Mersenne prime, hence
all the decimated sequences are also M-sequences. We have chosen as the set N the
first sixteen natural numbers:

N={1,2,3,---,16}.

The bit length I and the parameter o of the Tausworthe sequence (2.2) are chosen to
be 32. The maximum possible order of equidistribution, m, for the sequences {x,,} is
equal to [521/32]=16.

For each ne N, we constructed the matrix E,, to which procedure GAUSS was
applied. It was found that there exists no linear dependence relation among the rows
of E, forn=1,2,4,8,9 and 16. Table 2 shows the maximum /', for each ne N, such
that Tausworthe sequence (2.2) is m(l')-distributed.

TABLE 2
Maximum ' such that the decimated sequence of the Tausworthe sequence in the illustrative
example is 16(1')-distributed.

n 1 2 3 4 S5 6 7 8 9 10 1 12 13 14 15 16

' |32 32 23 32 9 27 27 32 32 18 28 28 27 31 27 32

Now we will show the b-dependence relations f